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I. INTRODUCTION 
1. Introductory Remarks 
The analysis of plates has claimed the attention of mathematicians 
and engineers since the early part of the nineteenth century, and a vast 
amount of effort has gone into the development of exact, approximate, and 
experimental methods of analySiS.(9)* The accumulated findings of the 
many investigators have advanced the knowledge of this subject greatly, 
but the number of plates for which solutions are available is still small 
in comparison with the number of plates which are or could be used in 
construction. Practical functional design often dictates the use of 
plates with boundary conditions of such a nature that the formulation of 
these boundary conditions and the solutions of the differential equations 
are highly impractical, if not impossible, by presently known methods. 
Prior to the development of modern electronic computers, even the approxi-
mations which could be made often involved numerical work of such proportion 
that this type of solution was not feasible. 
The advent of the electronic computer has made the method of 
finite differences an increaSingly important tool in plate analysis, since 
a large number of simultaneous equations can now be solved within a reason-
able amount of time and at a reasonable expense. 
Certain experimental methods now a.ppear to offer an acceptable 
method of plate analysis even when boundary conditions are quite ccmplex. 
One of these methods is described in detail and others are mentioned in 
Reference 3. 
The introducti on of openings in pla. tea gives rise to ccmplex 
boundary conditions. A survey of the literature indicates that there have 
*Numbers in parentheses refer to entries in List of References. 
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been relatively few attempts to investigate the effects of openings in 
plates and that very little, if any, attention has been directed toward 
the problem of analyzing the effects of adding beams with flexural and 
torsional stiffness around the edges of the opening. Modern architectural 
and industrial requirements often necessitate the use of openings in 
plates and slabs. Therefore, the accumulation of additional information 
dealing with the general subject of openings in plates appears desirable. 
2. Object 
The theoretical investigation presented here is ~oncerned with 
a study of moments and deflections in fixed-edge square plates containing 
openings wi th edges that are stiffened with beams having various degrees 
and combinations of flexural and torsional stiffness. 
The object of this investigation is to provide general knowledge 
concerning the effects of the addition of stiffening beams on the moments 
and defle~tion.s for plates containing openings, and to determine the manner 
in which these ~omeots and deflections vary with changes in flexural and 
torsional &t:":!'OCS6 of the edge beams. Specifically, it is desired to 
determine the dtgree and ~ombination of stiffnesses that will cause the 
action of tile ~l..&t.e WI. th openings to approximate that of the solid plate 
under the same lO&d:n~ conditions. Also it is desired to obtain same 
insight into tb~ relulting bending and torsional moments in the stiffening 
beams . 
3. Scope 
A detailed study of moments in clamped square plates containing 
openings without edge beams bas been presented by Fluhr, Ang, and Siess.(4) 
The present" study was lim! ted to the same general type of plate. This 
affords a direct comparison of results. 
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While an investigation of plates containing a variety of shapes, 
sizes, and locations of openings, would be desirable, the flexural and 
torsional stiffnesses of the edge beams were selected as the primary 
variables for this investigation. The study was limited to square plates 
wi th all outside edges fixed and 'baving square openings located at the 
center of the plate. Two sizes of opening were studied as shown in Fig. 6. 
Two types of loading condition were used in the investigation: 
(1) a uniform load, q per unit area, on the remaining surface of the plate; 
(2) a uniformly distributed line load, q 1 per un1 t length, on the perimeter 
of the opening. 
For each plate, with a given size of opening and a given type of 
loading, solutions were obtained for six values of torsional stiffness 
and six values of flexural stiffness. Thus, for a given size of opening 
and a g1 Yen load, 36 solutions were obtained. 
In &dd..i tion, solutions were obtained for a solid plate loaded 
wi th the same types of loads to which the plates with openings were subjected. 
In most of the cases considered in this study, Poisson f s ratio 
was assumed to be zero; however, for purposes of comparison, solutions were 
obtained for tvo plates for Poisson's ratio equal to 0.3. 
S1nce the word "plate" and "slab" have the same structural meaning, 
no distinct101l ... ill be made between the words, although the word "plate" is 
used exclusi vely 1n this report. 
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5. Notation 
The following notation has been adopted for use in this thesis. 
b = span length of a square plate 
C ::: a mea.ure of the torsional rigidity of a beam cro.s-&ect1.on 
~ = modulu& of ela.ticity of the beam material 
E = modulus of elastIcity of the plate material s 
G = = shear modulus of ela.ticity of the beam material 
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h = distance be~ween jOints or node points 
H = = ratio of beam flexural stiffness to plate stiffness 
H' = ~= 
b h H = a measure of the flexural stiffness of a beam 
= moment of inertia of the cross-section of a beam 
t 3 
= 12 = moment of inertia per unit width of plate 
J = ~ = ratio of beam torsional stiffness to plate stiffness 
J' GC bJ of the torsional stiffness of beam = Nh=il= a meallure 
L = dimenaion of square opening in a plate 
m = bending manent or twisting moment per unit width of plate 
m = bending mcment or twisting moment acting on a width of 
plate of h 
m' = bending moment or twisting moment acting on a width of 
h plate of 2" 
M 
N 
q 
q' 
Q 
t 
T 
v 
v 
Vi 
= bending manent in a beam 
= 
= 
= 
= 
= 
= 
= 
= 
E I 
8 S 
2 ( l-~) 
uniformly distributed load per unit of area 
uniformly distributed line load per unit of length 
total load acting at a node pOint or joint 
thicknesil of plate 
torsional moment in a beam 
vertical shear per unit width of plate 
vertical shear acting on a width of plate of h 
vertical shear acting a width of plate h on of -2 
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v = vertical shear in a beam 
w = deflection of the plate, positive downward 
x,y,z = rectangular reference coordinate~ 
~ = Poi&son's ratio 
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II. METHOD OF ANALYSIS 
6. Basic Assumption& 
The method of a.na.lyais presented here for the plate-beam ayatem 
is based on the ordinary theories of flexure of beams and plates. The 
assumption. involved in the a.na.lyais may be stated as follows: 
(a) The plate is loaded by forces acting normal to ita middle 
plane only. 
(b) The plate is of hanogeneoua, ela.stic, and isotropic material 
and is of constant thicknes8. 
( c) The stresses acting on any cross-section have no resul tant 
force in the direction of the plane of the plate. 
(d) The vertical normal stresses due to the vertical load on the 
plate are negligible. 
(e) Plane vertical sections of the undeformed plate remain plane 
after bending. 
(f) The behavior of the beams in both bending and toraion is 
linearly elastic. 
(g) The neutral axes of the beams are assumed to coincide with 
the middle plane of the plate. 
(h) The forces and moments acting on a beam are assumed to be 
distributed along a line and not over a finite width. 
( i) Torsion in the beam is assumed to be uniform between node 
pOints and the effects of warping are neglected. 
7 • Review of Fundamental Equations 
The derivation of the fundamental equatiOns, based on the ordinary 
(10 11) theory of flexure of plates, can be found in a number of places. ' 
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The differential equation governing the deflection, w, of the 
plate is: 
The bending moment& and twisting moments are related to the deflec-
tion by the following equations: 
The .hears are: 
The reactions are: 
om em 
v =~+~ 
x ox dY 
em 
R =v +--2!L 
x xoy 
em 
R = v +-!!l-y y ox 
The basic equatioOQ governing flexural bending and torsional 
bending of beams are: 
M =-x 
~2 
~~ 0 ~, for a beam with its longitudinal axis 
ex 
parallel to the x axis 
2 
My = - ~ ~ ~y;' for a beam wi th its longitudinal axis 
parallel to the y axis 
8. 
9 
" Ow T = - CG dx (dy')' for a beam with its longitudinal axis 
parallel to the x axis 
" Ow T = - CG dY (di)' for a beam with its longitudinal axis 
parallel to the y axis 
Basis of Method of Analysis 
444 
A solution of the differential t· d W 2 d w + d W - i 
equa ~on, ox4 + ox2dy2 Oy4 - X, 
for the values of ii satisfying the particular boundary condi tiona of a given 
plate, yields through its derivatives the mcments, shears and reactions as 
g1 Yen by the expressions in Section 7. 
This fundamental equation of -plate theory can be integrated 
approximately by the method of finite differences. In this method, the 
plate suxface is laid off in a grid and a general fourth order difference 
equation is developed for each node point in the grid. The deflection at 
8J.lY specific point is expressed, in an individual difference equation for 
that particular point. The si.mul. taneoua solution of the aet of difference 
equations for the entire grid produces the value of the deflection at each 
individual grid point. These deflections may then be substituted into the 
appropriate difference expresaions to determine maaents, shears, and reac-
tiona at the node points in the slab. In general, points lying outside of 
the plate are involved. However, these points can be eliminated by relating 
them to interior points by means of equations specified by preacribed boundary 
conditions or by writing these additional equations so that the total number 
of equations is equal to the number of unknown deflections. 
In general there are two principal techniques available for the 
application of the method of finite differences to phy'sical problems of a 
continuum. One of these is a mathematical technique in which finite differences 
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are substituted directly for derivatives. The other is a physical tech-
nique in which a discrete model is introduced to approximate the continuum, 
with the restriction that the discrete model approaches the continuum in 
the limit. 
Either of the above approaches may be used in dealing with plate-
beam &ystems if boundary conditions can be formulated accurately and 
conveniently. However, the second approach is preferable when difficulties 
due to discontinuities or special boundary conditions are encountered. 
A physical model was utilized in the development of· the equations 
used in the analysis presented in this report. Such a model is described 
below. 
(a) Concept of Newmark's Plate Analog 
An articulated model of a plate has been proposed by Dr. N. M. 
Newmark and is referred to here as " Newmark 's plate analog. fI ( 5) 
Since an extension of this model has been utiliz.ed in this investi-
gation, a brief review of this analog is presented below. 
Figure 1 shows a diagrammatic representation of Newmark's plate 
analog. The physical model is composed of rigid bars connecting elastic 
hinges, with torsion springs connecting adjacent parallel bars, and is 
assumed to have the follOWing characteristics: 
(i) The bars are weightless and rigid. 
( ii ) The mass of the plate and external loads are concentrated 
at the elastic hinges. 
(ill) The resultant of direct stresses are bending moments acting 
at the elastic hinges and at the ends of each bar. 
(iv) The resultant of the vertical shearing stresses are shearing 
forces acting at the elastic hinges and at the ends of each bar. 
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(v) The resultant of the horizontal shearing stresses are 
twisting moments concentrated in the torsion spri~. 
This model leads to consistent relations at all jOints, including 
those at the edge of the plate. The equations governing the deflections of 
the model are precisely the same as the finite difference form of the fourth-
order differential equation iiven above. 
(b) Extension of Newmark's Plate Analog to Plate-peam Syatems 
Newmark • Ii plate analog can be extended to include the presence of 
a beam acting with the plate. (1) The neutral axis of the beam ia assumed to 
coincide with the middle plane of the plate. The beam is represented by 
"Weightless, rigid bars connecting elastic joints , with torsion springs 
wrapped around the bars to resist toraion. 
Two cases are of interest in this investigation. The first 
involves a single beam on the edge of the pla.te and the second invol.ves 
two edge beams intersecting at a. re-entrant carner. The model for the 
first case is shown diagrammatically in Fig. 3a and that for the second 
case is shown in Fig. 30. 
9. Derivation c~ Difference Opera.tors 
In der1 ring the difference operators, certain fundamental relations 
are used repeatedly and are incl.uded here for ready reference. 
Pointe are designated by the system shown below. 
nn 
nw n De 
D A 
ww w i) e el e 
C B 
sw • ~e 
~_s 
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Using finite differences, derivatives at point a may be expressed 
as follows: (6) 
2 (d w) _ 1 ( w _ 2w + w ) 
dX2 0- h2 woe 
;.1:..(w -2w +w) 
h2 son 
1 ; - (w - w - VI + W ) 
4h2 sw nw se ne 
Using the above relationships in combination with the fundamental 
equations reviewed in Section 1, bending moments, twisting moments, and 
vertical shears shown acting on the elements of the plate analog in Fig. 2 
may be represented according to the following notation: 
-~ 
-1 2+2fJ. 1 ~. 
-~ 
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-1 
- . 
• =-01' h 
~.~.~ ________ ~~~'~~2~u ____ -+~ w 
-1 
1 -1 
- . v 1Ie-,::-
oe he 
1 w 11. -5 Is 
-
-
1 -1 
Other vertical. .hears m.8T 'be e~re •• ec1 by s1I1ilar patterns. 
-A- • 
. --q h 
-1+J.L 1-tJ 
Other tw1at1Dg momenta may be expressed by similar patterns. 
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The following notation may be used for bending and torsional 
moments acting on a beam as shown in Fig. 4 and Fig. 5. 
M 
NHI [-ww + 2w - We] = h ox 0 
T J'N [-vs + = 2h VI + \oj -v ] oe n se ne 
(a) Operator for a General Interior Point 
The derivation of the difference operator for a general interior 
point on a plate may be louod in Reference 1, and is given as 
r 
1 
I 
I 
I 2 
-8 I 
I 
I 
1 
1 -8 20 
I 
I 
I 
'2 
-8 
i 
I 
I 1 1 
-! 
\,.. 
(b) Operator :cr 6 Point on an Edge Beam 
2 
-8 
2 
1 W ::: 
Qh2 
Ii (1) 
The basi= ~on2epts regarding operato~s for plate-beam systems 
are reported in Ref. 2. However, the operu.tors required in this study are 
derived in ~onsiderably more detail below. Referring to Fig. 4, the equili-
brium of forces normal to the middle plane of the plate for joint 0 on an 
edge beam is given by, 
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(v + v' ) - v - (V + v' ) + Q = 0 oe oe os ow ow (2) 
Equation (2) may be written. as , 
!. (M + Ii' + iJ.B - M - ii' ) h ox ox x:y ex ex - V 0& 
- !. (M + m' - uP - M - m' ) + Q = 0 hox ox xy wx wx 
The lllCDents and mears involved in the above equation may be 
expressed in terms of deflections in accordance with the relationships 
gi ven at the beginning of this section.. Making these substitutions, the 
operator for a general point on an edge beam may be expressed aa fallows: 
(4) 
(24l/2 ) ( -7+1-1) (24-1/2 ) 
1 
F1ct1 tlous points (showu in dotted boxes) lying outside of the 
plate are involved in Eq. 4 above. However, an additional equation may be' 
wri tten expreaaing equilibrium of mcments about the axi& of the beam at 
joint o. Thia equation may be derived as follows: 
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where: 
T GC (ow dw) 
oe =hd:t-~ =IN (~ OW ) - dye 
GC dw Cw dw ow ) T = - (d:' - ~) = IN (d?-~ - dye ow h y Y 
Expressing derivatives in terms of deflections, equation (5) may then be 
expressed as, 
r-J1i ~--2-(J-' +i)~ i J'i 
'-. L - - .L __ -r _ !...J. __ - ....L ....";-J 
I I 1 
I I I 
I : I 
I I I 
I I I 
-2~ 4( l+j.l) -2~ 
I 1 I 
-J' 
I 
2(J'-1) 
I 
-JI 
w = 0 (6) 
Equation (6) should be applied to every joint (except at corners) 
on the beam to provide the necessary additional equations for determining the 
fictitious deflections of the points outside of the plate. 
Equation (4) is derived in Reference 1 by combining Eq. 1 with the 
equation corresponding to the boundary condition that the reaction on the 
edge of the plate is equal and opposite to the load applied to the beam~ 
Eq. (6) is derived in this same reference by writing the equation to satisfy 
the boundary condition that the bending moment acting on the edge of the plate 
is equal and opposite to the torsional moment acting on the beam. The basic 
differential equatIons representing these two boundary condi tiona may be found 
in Reference (10). 
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(c) C?,perator for a Point at a Re-entrant Corner 
Referring to Fig. 5, tpe equilibrium of foraes normal to the 
middle plane of the plate for joint 0 at the re-entrant aorner is given by, 
(v + v' ) + v - v - (V + v, ) + Q = 0 
on 011 oe os ow ow 
Before expressing Eq. (7) in operator form, there are certain 
characteristics peculiar to a re-entrant corner that deserve further e~lana-
tiona. In order to maintain correct curvature relationships, the plate 
bending moments acting at such a joint (See Fig. 6) must be expressed as 
follows: 
-, 
= ;: [( w- - 2w + w ) + J..1 (w- - 2w + w )] moxl oe S ,0. n 
-, 
= -11 [( w- _ 2w + v ) + J..1 (w - 2w + w-)] mo.x2 2h oe 8 o n 
m' I: :! [( w - 2w + w-) + fl (w - 2w + w-)] ox3 2h oe II o n 
- -N ( m' = - [ w 01'1 2h s - 2w + w-) o n + J..1 (w - 2w + w-)] oe 
-, -N [ (w 
- 2w + w-) + J..1 (w- - 2w + w )] m0y2 =2h s o n oe 
- -5 [( 
- 2w + w ) (w- - 2w + w )] m' = - w- + J..1 oy3 2h s o n oe 
where v-, v-, w_ and w- are fictitious deflections at points n, 8, e, and w, 
n sew 
respectively_ 
Note that for m~xl and m~x2' curvatures in the x-direction are the 
same while those in the y direction are different; that is, the y-curvature 
of m~x2' is the y-curvature of the plate at the corner while the y-curvature 
of iii~x2 is that of the beam oriented in the y-direction. The x-curvature for 
Di' is the same as that of the beam oriented in the x-direction but the 
ox3 
y-curvature is the same as the corresponding aurvature of m~x2. 
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Eq. (7) may now be written as, 
1 
::;'1 -,\ 
- m' ) + f(- -A -B - m' -, ) f<!-1 + "I + m - m h mex + m - m - m ) flY ny xy oy oy x:y x:y oxl ox2 
E< -, + iIi' ..B -c iii ) ~M + m' -c - M Iii' ) + + m - m - m h ffioy1 oy2 xy x:y xy h ox ox x:y wx wx 
+ Q = 0 (8) 
At joint 0, the fictitious deflecting w_ and w- are related by the 
w e 
fact that the angle of twist at 0 of the beam oriented in the y-direction can 
be ex~re8sed as follows: 
Therefore; 
W_ = W + w - w_ 
e e w w 
In the same manner the fictitious deflections w- and w_ are 
n s 
related as follCNs: 
1 
- (w - w-) 2h n s 
Therefore; 
w- = w + w - w-
s n s n 
(10) 
~nen the moments in Eq. 8 are expressed in terms of deflections 
and use is made 0: Eqs. 9 and 10, the following operator is obtained for a 
re-entrant ~orner pOint: (See page 19). 
In tLe general case, there are two fictitious deflections at the 
point n\l. The~e arc necessary since the angles of twist of the two beams 
that are defined by the deflections at nw are, in general, different. 
Since fictitious deflections are required at pOints nand w in Eq. 
11, two additional equations are necessary. These equations may be written by 
satisfying the two moment equilibrium conditions at joint 0 which are, 
(!. + Ht) 
2 
r------.-- ---- -...------t------+ 
I I 
I I 
I I 
I I 
I 1---, 
~ ____ I - - ~L2J_ - r -i~t ... '+-H-' )-'"T'""I _{....,..~-+-~...;..,/-2..;....} __ --+ 
I lJl~ I ;~2Ht-1~): 
: : U __ I ____ .J 
I I 
(~ +H') -( 4+4H') (I5+6H') ~15+2H'~) 1 
'1 I I I I 1~2H' -1-1-1) I 
~----T-J 
2 
~15+2H' 4J.) 
1 
IN = 0 and IN = 0 
x y 
QiJ.2 
w=-v-
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(ll) 
(12) 
The two mcment equilibrium requirements corresponding to Eq. (12) 
are, respectively, 
M + iiil - iii' - Ii' - T = 0 
ox ox3 oxl ox2 on 
and 
M + iii' - in' - ii' - T :s 0 
cry 073 oy1 0y2. ow (14) 
Expressing bending mcments and torsional moments in terms of 
deflections and again making use of Eqs. (9) and (10), Eqs. ( 13 )and (14) 
may be expressed in operator form as Eqs. (15) and (16), respectively, 
bel.ow. 
r----., 
L -.Q" .;.12 :_ - ___ ~J..L_---'r---_.::::....c.-~ 
I -~/2 I I - __ J 
I 
I 
-(2H' +1) ~2H'+J'-1) 2 w ; 0 ~------~---4~---------r r--
: ~2H'+J'+3)! L _______ .-1 
,--- -, 
'~t/21 -(2H'+1) 
L - T ....=.J - r: - - - • ..----::-rl---+_ 
: : ~ 2H t -hI ' +3 ) : I L..: _______ J 
I 
'W = 0 ( 16) 
I (2H'-1-~) ~1_J..L~~ ____ .-______ ~~u/2 
J..L/2: 
__ J 
b 2H '+J'-1) 2' Jf/2 
I 
(d) Operator for an Edge-Beam Point Adjacent to a Re-entrant Corner 
Eq. (4) may be applied to an edge-beam joint adjacent to a re-
entrant ~orner if fictitious deflections (in dotted boxes) are used as 
shown in Eq. 17. 
r--...... r----, r---' 
-,- ____ lJ~~L ___ l-1~~~, ___ lJl/1-2 ........ 1 ____ .... 
I I 
I I I 
I I : 
1 I 1 
I I I 
I I I 
~ +X' -( 4-t4Ii' ) (l0+6H' ) -( 4+11') 
I i 
(2-i-L/2 ) (-7+tJ.) (2~/2) 
1 
( e ) Other Operators Used in the Analysis 
For a joint adjacent to an edge beam, Eq. 1 1I&Y be used. aDd 
invo1 vee one ficti tioua deflection as shown in Eq~ 18. 
r-, 
III 
~----~-__ ~~L __ -,----r 
I I I I 1 
I I I I 1 
I I 1 I I 
I I I I I 
I I I I 12 1-8 12 I 
1 -8 20 -8 1 
2 -8 2 
1 
Qil2 
w=-If 
21 
(18) 
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For an interior joint adjacent to a re-entrant corner, Eq. 1 must 
be modified to take into account the characteristics of the curvatures at 
the re-entrant corner. The resulting operator is shown below as Eq. (19). 
+------ r1 
I 
I 
I 
I r---, 
I I J..I./.2: -8 2 + ___ .1_. 
: 2-J..I./2 
I 
r-, 
I 1] -8 20 
-& 1 Qh2 
w = ~ (19) 
;-;/2l -8 2 
I 
(2-J..I./2 ) 
1 J 
10. Solutions of Simultaneous Equations for Deflections 
Solutions to the sets of simultaneous equations involved in 
this study were obtained by use of the ILLIAC (the Uni versi ty of Illinois 
Digi. tal Ccmputer). The capacity of the ILLIAC for solving simultaneous 
equations made possible the use of a relatively fine network. Use was made 
of symmetry to reduce the number of equations involved in the solutions. 
The minimum number of simultaneous equations involved in any one solution 
was 50 and the maximum number was 119. 
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ll. CC!1pUtation of Maaent. trom Deflections 
An ILLIAC program for cauputing moments fran deflections had 
been devised previously by Dr. A. Aug. For this investigation, the program 
was modified 80 that the output data fran the solution of the simultaneous 
equations could be used directly as input data for the mClDent computation 
program. Manents were then obtained as the output of thia mod1f"ied program. 
l2. Check on Correctneas of Equations 
It should be pointed out that the coefficient matricea involving 
fictitious detlectiCl1S are non-symmetrical. In order to verity the correct-
neas of the equations derived above, the reciprocal relationship of linearly 
elastic systems vas uaed. For this purpose a coarse network was used, since 
tor this check, consistency, and not accuracy, was of primary interest. The 
locationa of point. involved are indicated on the diagram below. The opening 
size was O.4b x O.4b. The values of H, J, and IJ were 1.0, 1.0, and 0.3, 
respect1 ve~. A load of 20 un1 ts was placed at each point in succession. 
I 
I 
2 
7 3 
I 
¥f---I: .1:1: ! 
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The following results were obtained: 
Deflection at Point x 
Load at 
Point 1 3 6 10 12 
1 1.3839193 0.3597620 :0.7329026 0.4414798 0.4220513 
3 0.3597620 1.4803423 1.5544830 2.2272137 2.2821220 
6 0.7329026 1.5544830 4.2089360 3.9431816 3.9902946 
10 0.4414798 2.2272137 3·9431816 9.5780731 10.2427384 
12 0.4220513 2.2821220 3.9902946 10.2427384 12.1712457 
These results indicate that the model used in this investigation 
behaved as a linearly elastic system, and that the equations derived above are 
correct for the plate-beam system under consideration. 
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III. OUTLINE OF INVESTIGATION 
13 • General Remarks 
From the results of the investigation presented in Reference (4), 
certain observations may be made concerning clamped plates with unstiffened 
square openings at the center. These may be stm:Dna.rized as follows: 
(1) The change in moments in a uniformly loaded plate when an 
opening is inserted is caused largely by loss of load wi thin the opening 
area except for regions within approximately O.lb of' the edges of the 
opening. In these regions adjacent to the opening, the change in moment 
is caused largely by the opening 1 tae1f • 
(2) Negative moments along the fixed edges and in the regions 
adjacent to the fixed edges are considerably less for the plate with an 
opening than for a corresponding solid plate loaded uniformly over its 
entire area, but are somewhat greater than the corresponding moments for 
a solid plate loaded only over the same area as for the plate containing 
an opening. 
()) In the central region of the plate, positive moments which act 
in a directioo pa.r&llel to the edge of opening are less for the plate with 
an opening th&.n ['or & Bolid plate uniformly loaded over its entire area, 
but are greater than the corresponding moments in a solid plate loaded in 
the same m&n.ne r u the plate wi th an opening. However, the p os i ti ve moments 
acting in a d.irectlon perpendicular to the edge of an opening are less for 
the plate vltb openings than for a solid plate uniformly loaded over its 
entire area as vell as for a solid plate loaded in the same manner as the 
plate with an opening. These statements apply except for regions in the 
immediate vicinity of a re-entrant corner. Here, the positive moments in 
both directions appear to be indeterminately high for plates with openings. 
(4) Deflections of all pOints on a uniformly loaded plate with 
an opening are less than those of corresponding points on a solid plate 
uniformly loaded over its entire area, but are appreciably greater than 
those for a solid plate loaded with the same load used for the plate with 
an opening. 
(5) The addition of a line load at the perimeter of the opening 
can cause serious changes in the bending moments in a uniformly loaded 
plate, particularly J if the total line load is the same as the load removed 
within the opening. In the case where the total line load is the same as 
the load lost within the opening, the moments in the plate are usually 
slightly greater than those for a solid plate uniformly loaded over its 
entire area except in the regions of the plate adjacent to the opening. 
The moments in these regions are increased considerably above the corres-
ponding values of the solid plate, these larger moments being confined to 
a distance within O.2b from the edg~ of the opening. 
(6) Except for positive moments in the central region acting in 
a directlon perpendicular to the edge of the opening, all the moments for a 
plate loaded only with a line load at the perimeter of the opening are 
greater than the corresponding moments for a solid plate loaded with the 
same type of load. 
(7) Deflections of all points for a plate loaded with a line 
load at the perimeter of an opening are appreciably greater than those for 
a solid plate with the same loading. 
In view of the fact that moments and deflections were consistently 
greater for the plates with openings than for the corresponding solid plates 
with the same type of load, it was concluded that the addition of stiffening 
beams around the perimeter of the opening could, at least to scme degree, 
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compensate for the weakening effects of the opening. This conclusion led 
to the present investigation. 
14. Primary Plate Variables 
With respect to the plate proper, it can be seen that two impor-
tant variables might enter into the analysis. These variables are as 
follows: 
( a ) Support condi ti ons 
(b) Type of opening, including shape, size, and location 
In order to compare results with those presented in Reference (4), 
this investigation was limited to square plates with all outside edges fixed. 
Although the investigation presented in Reference (4) dealt with 
a variety of shapes, sizes, and location of openings, this investigation was 
confined to square openings at the center of the plate so that primary 
emphasis :ould be given to other variables. Two sizes of openings were 
investigated; the first vas O.2b x O.2b and the second was O.4b x O.4b. 
It is felt that this represents a practical range of opening sizes within 
which it ::L1 ght be desirable to add beams at the edge of the opening. 
15. Pr1mary Beam Variables 
With respect to beams involved in this study, the primary variables 
are as roll 0'J8 : 
( a ) Le ngth of beam 
( b ) Flexural stiffness 
(:) Torsional stiffness 
In all cases considered, the length of the beam was limited to 
the dimension of the opening. 
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While in a practical case it would be impossible to have the 
torsional stiffness and the flexural stiffness of a beam entirely inde-
pendent of each other, it was assumed in this study that a beam with a 
given torsional stiffness would have a flexural stiffness ranging from 
zero to almost infinity and that a beam with a given flexural stiffness 
would have the same range of torsional stiffness. For the study, it was 
desired to approximate condi tiona that might exist in a concrete slab as 
the beams at the perimeter of the opening varied fram small curb type beams 
to rigid masonry or monolithic concrete walls that might be built around 
the perimeter of the opening. 
For the beams stiffening the 0.2b x 0.2b opening, values of J, 
a measure of the torsional stiffness, used· were 0, 0.10, 0.25, 0.50, 1.0, 
and 20.0. The same values "Were used al so for H, a measure of the flexural 
stiffness. For the beams stiffening the 0.4b x 0.4b opening, values used 
for both H and J were 0, 0.25, 0.50, 1.0, 2.0, and 20.0. 
16. Loading Conditions 
Two types of loading were considered. These were designated U 
and L and were applied to both the plates with openings and to solid plates 
wi th corresponding unloaded areas. Loading U consisted of a uniformly 
distributed load q per unit of area over the remaining area of the plate, 
and loading L consisted of a uniformly distributed line load placed on the 
perimeter of the opening. 
17- The Differen2e Network 
For most of the cases considered in this investigation, the differ-
ence net"Work used corresponds to 20 x 20 divisions of the plate, giving a 
value of h equal to b/20. Since the accuracy of a solution is improved by 
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using a finer grid" one solution vas obtained tor h :: b/30 for purpose. 
of comparison. In addition, one solution was obtained with a aetvork ot 
h = b/80 around the opening, uaing the deflections corresponding to the 
network with h • b/20 at a distance of two grid lines from the opening as 
a boun.dary condi tiOD. 
18. Value of POi.SOD'. Ratio 
In the majority of cases considered in this investigation, the 
value of Poisson's ratio was considered to be zero; however, for purposes 
of comparison" two solutions were obtained using Poisson' s ratio equal to 
0.3. Unless otherwise indicated, the results presented graphically in this 
report are based on a Poisson's ratio of zero. Tabulated results have the 
value of ~ indicated. 
19. Plate Identification 
The plates involved in this investigation are identified by the 
f'ollowing simple code: 
S :I: Solid plate 
81 = Plate with an opening size of' O.2b x O.2b 
52:1 Plate with an opening size of O.4b x O.4b 
The loading used in each case is specified in both the tabular and 
graphical presentations of' results in this investigation. 
IV. PRESENTATION AND DISCUSSION OF RESULTS 
The numerical results Obtained from the analyses include: deflec-
tiona of the middle plane of the plate (deflections of the neutral axes or 
the beams at the perimeter of opening in the plate are thus included), 
plate bending manents, beam bending manents, and beam torsional moments. 
These results are presented in both tabular and graphical form. A complete 
tabulation of plate bending mcments is given in Appendix A. * 
Plate bending moments are presented graphically in Figs. 8 
through 39. Ai though all of the plate bending moments are not shown 
graphically, the moments across all critical sections are shown and a 
sufficient number of other sections are included to show in a general 
manner the distribution of bending mc:ments throughout the plate. In Figs. 
8 through 23 the torsional stiffness of the beams is assumed to be constant 
and H, a measure of the flexural stiffness of these beams, varies as shown 
in the figures. AI though figures for all values of J, a measure of the 
beam torsional stiffness, are not included, graphs are presented for the 
two extreme values and also for at least one intermediate value of J. 
Other iDte~ediate values of J are included for regions in which the plate 
bending mccente change significantly with a change in J. In Figs. 24 
through 35, H 18 assl..lIDIed to be constant and J varies as shown in the 
figures. For purposes of comparison, the plate bending moments for a 
solid pla.te loaded with the same load used for the plate with an opening 
are ShOW'D in Figs. 8 through 35 by means of a heavy solid line. Figures 
36 and 31 are included to show the plate bending moments at certain pOints 
as a function of the flexural stiffness of the edge beams. Figs. 38 and 
39 show the plate bending moments at cer+vain points as a function of the 
torsional stiffness of the edge beams. 
* Appendix A is available on request from the authors, Department of Civil 
Engineering, University of Illinois. 
The bending and torsional moments for beams are shown in 
Figs. 40 through 58. 
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Since deflections are considered to be of secondary importance 
in this study (except as a means of obtaining other quantities), they are 
not tabulated. However, in order to shOW' the general effects of V8.1'7ing 
beam stiffnesses on deflections along certain linea, Figs. 59 through 78 
are included. 
The results for cases where H and J are both equal to zero were 
taken directly from Reference 4. Solutions were obtained for these casea 
in the present study, and except for points in the immediate vicinity of 
the re-entrant corners, the results obtained corresponded very closely to 
those presented in Reference 4. These discrepancies in values far moments 
a.t and near the re-entrant corners result from the differences in basic 
assumptions concerning the physical models used in the two investigations. 
The model used in Reference 4, in effect, had the re-entrant corners 
rounded, while no provision is made for rounding these corners of the model 
used in this investigation when the flexural and torsional stiffness of 
the edge beams be come equal to zero. 
2.0. Plate Bending Manents 
In clamped square plates with stiffened aquare openings located 
at the center of the plate, the plate bending moments are a function of 
the following variables: 
(a) The span length of the plate, b 
(b) The loading, including type and intensity 
(c) The dimension of the square opening, L 
(d) The relative flexural stiffness of the edge beams, H 
(e) The relative torsional stiffness of the edge beams, J. 
In this report, the plate bending moments for plates loaded 
with un1fo~ distributed load are presented in terms of the load per 
unit area, q, and the span length of the plate, b. Plate bending moments 
for plates loaded with a line load at the perimeter of the opening are 
presented in terms of the line load per unit length, q', and the plate 
dimension, b. Therefore, load intensity and plate span length are 
considered as constants. Thus, the var1abl.es considered here are type 
of load, size of opening, flexural stiffness of the edge beams, and 
torsional stiffness of the edge beams. 
Conclusions reached in this study regarding the relationship 
between plate bending moments and type of l.oad and size of opening coincide 
in general wi th those reported in Reference 4. Therefore, these items are 
not considered as primary variables in the present study and are reviewed 
only briefly here. The properties of the beams are regarded as the 
primary variables studied. While the effects of flexural and torsional 
stiffness cannot be separated entire~, the effects of each are first 
discussed separately and then the significant effects of their combination 
are presented. 
(a) Ef'fect of Type of Load and Size of Opening 
Inspection of Figs. 8, 16, 24, and 30 indicates that, in general, 
for plates with uniformly distributed load, manents across or along any 
gi yen section are smal.ler for plates with the larger opening than for those 
wi th the smaller openinge However.; mcments for pOints at or in the immediat-e 
vicinity of a re-entrant corner of the plates with the larger opening are 
larger than the moments at corresponding pOints in the plates with the 
smaller opening. This general. reduction in mcment is primarily the result 
of loss of load from within the opening area. Figures 9, 20, 27, and 33 
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indicate that, wi thin the range ot opening sizes studied, the plate 
bending moments at corresponding points in plates with the same intensity 
of line load at the perimeter of the opening in the plate are grea.ter for 
plates 'With the larger opening than the bending JaaDents in plates with 
-
the smaller opening. This condition occurs primarily because the plate. 
wi th the larger opening are subjected to a. greater total load than the 
plates with the smaller opening. 
These general conclusions concerning type of load and size of 
opening hold for all degrees and caabinationa of beam st1ftne •• es. 
(b) Erfect of Flexural Stiffness of Beams 
The flexural stiffness of the beams has been considered in this 
investigation in terms ~ the quantit;y 1I c ~~ 
where ~ :: modulus of elasticity of the beam material 
~ ~ moment of inertia of the cross-section of the beam 
b :: span length of plate 
N a a measure of the stiffness of the plate 
The span length of the plate, b, was included arbitrarily in order to 
make H a dimensionless ratio. 
Al though variati ons occur in the plate bending moments throughout 
the plate vi t.h corresponding changes in H 8,s. indicated in Figs. 8 through 23, 
only those moments that are especially sensitive to a c~ in H are dia-
cussed in detail in this seetion. 
For a clamped square plate containing no opening and loaded with 
uniformly distributed load or line load around any central portion, the 
maximum moment occurs across the fixed edge at the center of this edge. 
Ma.x1mum moments for plates with openings al80 occur at thi. location but 
they may be reduced considerably by increasing the flexural stiffness of 
the edge beams. These moments are shown as DIy across line lO-X in Figs. 8 
through 23 and are plotted as a function of H in Figs. 36a and 37a. Plates 
with the larger opening experience greater changes in moment at this sec-
tion with corresponding changes in H than do the plates with the smaller 
opening. The percentage change in moments across this section with a 
corresponding change in H is larger for plates loaded with line load at 
the perimeter of the opening than for plates loaded with uniformly distri-
buted load. For plate 82 (opening size of O.4b x O.4b) loaded with uni-
formly distributed load, the moment at the center of the fixed edge is 
reduced by approximately 25 percent as the flexural stiffness of the edge 
beams increases fram zero to a value approaching that of an infinitely 
stiff beam. The corresponding reduction in moment for plate 81 (opening 
size of O.2b x O.2b) is approximately nine percent. When plate 82 is 
loaded with line load at the perimeter of the opening, increasing the 
value of H fram zero to a value approaching that of an infinitely stiff 
beam results in a reduction in moment at the center of the fixed edge of 
approximately 44 percent. The corresponding reduction for plate 81 is 
approximately 22 percent. These percentages are essentially independent 
of the torsional stiffness of the beams. 
The change in negative moment across a fixed edge with a change 
in H is at a decreasing rate as the distance fram the center of edge 
increases. For the range of opening sizes considered, no significant 
changes in moment occurred beyond a distance of about O.3b from the center 
of the edge; that is, beyond network point 6 on the plots in Figs. 8 
through 23. 
Negative moments across adjacent parallel sections such as m y 
across line 8-x display the same general characteristics as those along 
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the :fixed edge. Although the moment at a point on one o£ these sections 
ia less than that at the corresponding point on the fixed edge, the per-
centage change in maaent for a given change in H is greater and the signi-
ficant changes take place over a greater length of the section. 
The moments D)r acr088 sections more distant fran the edge change 
f'rom negative to positive for the pla.tes with uniform load. The same 
general trend holds ~or plates with line loading, although for small 
values of H and J, the moments m along line o-y and adjacent parallel y 
lines ~ remain negati va from the fixed edge of the plate to the edge of 
the opening. For the plate bending mauents across sections parallel to 
and adjacent to the edge beams (e.g. line ,-X for plate 81 and line 5-X 
tor plate S2 8.8 shown in such figures as 8b, 14, 16b and 2J.a ), the overall 
effect of increasing H is to increase positive lIlOments or to change nega-
tive moments to positive moments. This trend may be observed in Fig. 3.68. 
from the pl.ots showing my across line 3-X at o-y for pl.ate 81 and in 
Fig. 37a from the plots showing m across line 5-X a.t o-y for plate S2. 
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For plate 81 the greatest ~ in moment m across sections parallel to y 
and adjacent to the edge beams with variation in H takes place along line 
O .. Y, (as can be aeen for. D)- across line 3 -x in Fig. 8b or 9b ), while for 
plate 82 the ma.x1DD.ll1l change occurs between lines 3-Y and 4-Y as is shown 
for my across line 5-X in Fig. lOb or 17b. For the full range in variation of 
H fran zero to 20, the changes in manents in this area ~ be as large or 
larger than the change. at the outside edge at the plate, but moments are 
much smaller. 
As the flexural stiffness of the edge beams increases, adjacent 
parallel strips of plate carry less moment. Thus the plate bending m.cments 
~ acrose sections such as line O-X and adJacent parallel sections are 
reduced significBlltly by an increase in H. Ma.x:i.mum changes in moment 
across such sections occur in the region nearest the beam and are insigni-
ficant at and near the outside edge of the plate. This may be observed 
from the plots sho'w!ng m across lines O-X and I-X for plate 81 in such y 
figures as 8c, 9c, l2b, and l5b and from the plots showing m across lines y 
o-x, 2-X, and 3-X for plate 82 in such figures as 16c , 19c, 20b and 23b • 
In Figs. 36c, 37b, and 37c the moment m across o-X at the edge of the y 
opening is plotted as a function of H. 
The region of the plate in which bending moments are most sensi-
tive to change in H is in the immediate vicinity of the re-entrant corner. 
Inspection of figures such as 8b, lCb, 12b, and l;b showing moment m across y 
line 2-X for plate 81 and of figures such as 16b, 19b, 20b, and 21b showing 
moment m across line 4-x for plate S2 indicates that changes in moment y 
with H are greater at this location than at any other region of the plate. 
This may also be observed fran Figs. 36b, 37b, and 37c in which m at the y 
re-entrant corner is plotted as a function of H. As noted in the preceding 
paragraph, the moment carried by the beam increases as the value of H 
increases. This large moment exists over the entire length of the beam and 
is transferred to a relatively narrow strip of plate at the junction of the 
beam and plate. This results in a very high moment in the plate in the 
immediate vicinity of the re-entrant corner. This is especially true when 
the torsional stiffness of the edge beams is small. However, this high 
moment rapidly spreads to adjacent sections of the plate and is thus con-
siderably reduced at a short distance from the re-entrant corner. In 
general} the values presented for moment at the re-entrant corner should 
be considered as relative values only, since the moment at this location 
for a given value of H increases as a finer network is used in the analysis. 
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However J at distances of .ore tb&n b/80 from the re-entrant corner, use of 
a network with h = b/20 gives essentia.lly .the same values for plate bending 
moments as those for a network with h = b/80. 
In Fig. 5 it i. shown that for a joint at a re-entrant corner, three 
plate bending moments are involved. These are m~Y1' i.~, and m~3. When 
Poisson's ratio is assumed to be zero, m~l and ii~ are the same. In the 
tabulated results ,che values shown for moment a.t the re-entrant corner 
always correspond to m~l or m~. However, due to the characteristics of 
the plate-beam model adopted for this study, the moment corresponding to 
m~3 will have a value larger than m~l (or iii~) when the torsional stiff-
ness of the beams is large and the flexural stiffness is small. When the 
value of the moment corresponding to m' 3 exceeds that of in· l' both values 
oy oy 
are indicated 1n the graphical presentation of results by showing the moment 
corresp onding to m ~l as the dashed porti on of the curve to the left o:t ~he 
corner and shoving the moment corresponding to m~3 as the dashed portion 
of the curve to the right of the corner. 
rn.pection of such figures as 9b, 131;>, l7b, and 2J.b showing moment 
across line ~-X for plate Sl and across line 4-x for pla.te S2 shows that the 
manent at line o-Y 18 practically independent of H beyond very sma.l.l values 
at H and 1. primarily a function of the torsional stiffness of the edge beams. 
Figure. e throogh 2} show in a general way the relationship between 
plate bending IZICI8II!nt. and beam flexural stiffness. Figs. 36 and 37 are nre-
sented to show the apec1fic IDallIler in -which the plate bending manent at C'~ -
tain cri t1ca.l aectloDJI 1s related to beam flexural stiffness, H. In general, 
it ~ be observed that plate bending moments increase or decrease at a 
decreasing rate vi th an increase in H. Also it may be noted from Fip'~ ~ 36 
and 37 that increasing H beyond a value of a.pproximately 1.5 far plate 81 or 
3.0 for plate 52 produces relatively little change in plate bending moments. 
"( c ) Effect of Torsional Stiffness of Edge Beams 
The torsional stiffness of the beams at the perimeter of the 
opening in the plate was considered in this study in terms of the quantity 
where 
The span 
G = the shear 
C = a measure 
b = the plate 
N = a measure 
GC 
J = bN 
modulus of elasticity of the 
of the torsional rigidity of 
span length 
of the stiffness of the plate 
beam material 
a beam cross-section 
length of the plate, b, was included arbitrarily to make J a dimen-
sionless quantity. 
Examination of Fig. 24 through 35 reveals that plate bending 
moments are much less sensitive to changes in the value of J than to corres-
ponding changes in the value of H. This is especially true of the moments 
in regions not immediate~ adjacent to the opening. Bending moments in 
two general areas of the plate do exhibit appreciable sensitivity to 
changes in J and these are discussed in some detail below. These moments 
are my across line 2-X at o-y and my across 2-X at 2-Y for plate 81 and 
my across 4-x at o-y and my across 4-x at 4-y for plate S2. These moments 
are plotted as a function of J in Figs. 38 and 39. 
The strip of plate running along line O-Y from the fixed edge of 
the plate to the edge of the opening and varying in width from apprOximately 
O.l5b for plate Sl to O.25b for plate S2 has characteristics similar to a 
beam with one end fixed and the other restrained with respect to both 
vertical deflection and rotation. When such a beam deflects downward at 
the restrained end but is restrained against rotation, positive moment 
results at the restrained end and at adjacent parallel sections. Rotational 
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restraint of the strip of plate mentioned above is largely' a flmction of 
the torsional. stiffness of the beams at the perimeter of the opening. 
Inspection of Figs. 24b , 26b., 27b, 3Ob, and 33b indicates that as J 
increases the mcment m at the center of the plate acroas line 2-X for y 
plate S1. and across 4-x for plate S2 also increases. Also it may be 
noted :fran Figs. 38 and 39 that the moments at this section increase 
rapidly as J increases frca zero to small values, but that further 
increases in J result in relatively insignificant increases in moment. 
Moments across adjacent parallel sections display similar characteristics. 
These sections are lines 3-X for plate Sl and lines 5-X and 6-x for plate 
S2 as sbown in such figures as 25b-, 26b , 2&, 30b , 31a, and 34& • 
Since an increase 1n J results in decreased deflection of -the 
central portion of the plate it might be expected tha. t manent across a 
fixed edge at its center should decrease as J is increased. However, the 
rotational restraint of the plate at the edge of the opening resulting 
fram increased torsional stiffness of the edge beams causes additional 
negati ve moment to develop at the fixed edge and thus cancels the effect 
of decreased deflection of the central portion of the plate. Inspection 
of such figures as 24&, 26&, 27&, 30a and 33& shows that moment across a 
fixed edge at the center exhibits no appreciable change as J increases from 
a value of zero to a value approaching that of a beam with infinite torsional 
rigidity. 
Plate bending manents at a re-entrant corner are sensitive to 
changes in the torsional stiffness of the beams at the perimeter of the 
opening and may increase or decrease in ma.gni tude with an increase in J 
according to the correSponding flexural stiffness of the edge beama. Thi s 
may be observed from such figures as 24b, 26b, 2&, 2gb, 3Ob, .32b., and 33b .. 
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Plate moments at the re-entrant corner are plotted as a function of J in 
Figs. 38 and ;9. 
As pointed out in the preceding section, there are three plate 
bending moments to be considered at a re-entrant corner for the plate-beam 
model used in the a.nal.ysis presented in this report. Referring to Fig. 5 
these three moments correspond to m~l' m~, and iii~3' with m~l and m~ 
being equal when Poisson's ratio is assumed to be zero. For large values 
of J and small values of H, the plate moment corresponding to m' ... is a 
oy::; 
large posi ti ve moment and that corresponding to m~l or m' oy2 is a very 
small posi ti ve moment for plate 31 and a small negative moment for plate 
52. However, as the value of H becomes large, the plate moment corresponding 
to in t _ becomes insignificant and the moment corresponding to may' 1 takes on 
oy) 
a large posi ti ve value even though the value of J remains large. Again it 
should be pOinted out that the values shown for moments at the re-entrant 
corner are to be considered as relative values only and that they become 
larger as a finer network is used. 
Figures 38 and 39 indicate that increasing J beyond a value of 
apprOximately 1.) for plate Sl or 3.0 for plate S2 is of little significance 
in causing !\1r1.her ~a.nges in plate bending moments at the re-entrant corner" 
Other less significant changes occur in the plate bending moments 
as J changes and theae changes may be detected by inspecting the tabulated 
moments or the ga.;:taca.l presentation of results. 
(d) Ccrib1ncd ~!'ect of Flexural and Torsional. Stiffnesses of Edge Beams 
Fran the 1nforn:a tion presented in Figs. 8 through 39 it can be 
Observed that, in general, the flexural stiffness of the beams at the peri-
meter of the opening has a much more pronounced influence on plate bending 
moments than does the torsi onal stiffness of these edge beams. The one 
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exception to this general statement i5 for the moments across a sectioD 
pa.ral.lel to the edge beam at the junction of the beam and plate and across 
parallel sections immediately adjacent to this junction. However, an 
increase in J i8 of no benefit in this area since the pl.ate bending mcments 
increase with increasing J • 
An increase in J i8 effective in reducing plate bending manents at 
the re-entrant corner as long as the value J does not exceed that of H by a 
large amount, but increasing the value of J appreciably above tha't of H can 
lead to increased plate bending moments at this pOint. 
As stated earl.ier, one of the objectives of this investigation was 
to determine the degree and canbination of beam stiffnesses needed to make 
the action of the plate with "an opening at the center approximate that of 
a solid plate loaded with the same type of load. For plate 81 (opening 
size err O.2b x O.2b) it .~ found that for either a uniformly distributed 
load on the plate or a uniform line load at the perimeter of the opening, 
the plate bending mcments at most locations will apprOximate those of a 
solid plate (loaded 1n the same manner) when the value of both Band J is 
approx:aately 0.10. For plate S2 it was found that making the value of 
both H and J approximately" 0.25 results in the plate bending moments corres-
ponding clo.e~ to the mcments for a. solid plate loaded in the same manner. 
This vu found to be true for both types of loading. 
21. Beam BeDding Manents 
The bending moments in the beams at the perimeter at the opening 
are influenced by the same factors that affect the plate bending mc:ment. 
and these factors are discussed in the same order as that used tor the 
plate bending mcments. 
42 
Beam bending mOments are shown in Fig. 40 through 49. 
a. Size of Opening and Type of Load 
For plates with uniformly distributed load, beam bending mcments 
are presented in terms of the load per unit area, q, and the dimension of 
the opening, L. For plates with line load, the manents are presented in 
terms of the line load per unit length, ql, and L. These units have been 
used throughout Figs. 40-49. However, the use of L, which is different for 
plates Sl and 52, makes a direct comparison of the beam manents for these 
two cases diff'icul t. For this purpose, the beam moments for both sizes of 
opening can be expressed in terms of b rather than L. This is done in 
Tables 1 and 2, which show the dependence of the beam moments on H. 
Wi th uniformly distributed load, the bending manent at midspan 
of the beam for plate 81 and H = 0.25 is approximately 58 percent greater 
than the corresponding mcment in the beam for plate 52. However, when H 
is increased to 20, the midspan beam moment for plate S1 is approx1ma.tely 
8 percent less than the corresponding moment for plate 82. The moment at 
the end of the beam for plate Sl is consistently greater than the corres-
ponding moment for plate 52 for the condition of uniformly distributed 
load. This 1s to be expected since the end of the beam for plate Sl is 
nearer the center of the plate than is the end of the beam for plate 52 0 
The difference 1n these end moments becomes less as the value of H increases. 
When a line load 1s used, the moment at midspan of the beam for 
pla.te 52 1s greater than the corresponding manent for plate S1 and the 
difference in these mcments increases as the value of H increa.ses. The 
same general statement may be made with reference to the moment at the ends 
of the beams .. 
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TABLE 1 
COMPARISOI OF BDDllIG MOMDTS AT MIDSPAB-
OF BBAMS III PLATES 81 AID S2 
Mcment at Midspan of Beams for Plates with Uniform. Load 
(in terms of q~) 
J • 0 J - 20 
11 
Plate 81 Plate 52 Plate 81 Plate S2 
0.25 0.00218 0.00138 0.00205 O.OQ120 
0.50 0.00215 0.00209 0.00261 0.00189 
1.00 0.00317 0.00218 0.00302 0.~58 
20.0 0.00368 0.004<:2 0.00352 0.00,86 
Mcment at Midspan of Beams for Plates with Line Load 
(in terms of' q t b2 ) 
J =: 0 J - 20 
B 
Plate 81 Plate 52 Plate S1 Plate S2 
0.25 0.0114- 0.0123 0.0108 0.0108 
0-.50 0.0144- 0.0185 0.0136 0.016> 
1.00 0.01.65 0.CY247 0.0157 0.0230 
20.0 0.0192 0.0356 0.018; 0.O34~ 
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H 
0.25 
0·50 
1.00 
20.0 
H 
0.25 
1.00 
20.0 
TABLE 2 
COO> ARISOH OF BElIDn«z MCMEITS AT :ENDS OF 
BEAMS IN PLATE8 81 AID S2 
Moment at Ends of Beams for Plates with Uniform Load 
(in terms of qb3) 
J = 0 J = 20 
Plate 81 Plate S2 Plate 81 
0.00133 0.00083 0.00180 
0.00158 0.00109 0.00209 
0.00173 0.00131 0.00228 
0.00194 0.00170 0.00251 
Moment at Ends of Beams for Plates with Line Load 
(in terms of q 'b2 ) 
J = 0 J = 20 
Plate 81 Plate 52 Plate 81 
0.0066 0.0066 0·0090 
0.0078 0.0087 0.0105 
0.0087 0.0106 0.0115 
0.0097 0.0140 0.0127 
Plate 82 
0.00165 
0.00202 
0.00233 
0.00282 
Plate S2 
0.0135 
0.0167 
0.0193 
0.0235 
b. Mtect ot Flexural. Stiffness of BeaM 
The tlexural. stIffness of the beam 1s the most aigD1.ficant factor 
a:ff'ecting bending maaent. in the beams. The large variations in beam bending 
maaent. with corresponding changes in II "lftB.7 be observed f'ran Figs. 40, 42, 
" and 46. The percentage increue in beam mc:ment with a correepondiq 
increase in II for plate 52 i. almost three timea that tor plate Sl. This 
statement holds tor /both types of loading. 
The bending mcaents at midspan and at the enda of the beam 
increaae at a decreasing rate with an increase in B. This i8 illustrated 
in Figs. 48 and 49. In8pectlon ~+ these figures indicates that increuing 
II bey-ODd a value of apprOximately 2.0 tor plate 81 and beyond 4.0 for plate 
82 bs 11 ttle effect on the beaa bending mauent.. 
c. Btfect of Beam Torsional StittDesS 
The general eUect or increasing the torsional stiffness or the 
edge beams 18 to dec~aae the beam bending mcaent at midspan of' tb.f! beam 
and increase the bending aaaent at the end or the beam. '.rh1s general trend 
holds irrespective of the value or H, the type at loading, or the size of 
opening. The variatiOl1 in beam bending aaaent with varying J and conatant 11 
i8 illuatrated tor both tn>es of loading &D.d both cpen1Dg sizes in Fip. 41, 
. :/ 
i'he change in the bending .alent at the center of the beam as the 
torsional st1ftDe88 arthe beam chaDgea troa a 'value or zero to that Of a 
beaa with al.JDost Infla1te torsioiaa.t rigiditY' i8 ~ized belOw~, 
Percentage Decrease in Bend:1llg Maaent at the Center or Beam 
as J changes fran 0 to 20 
Plate Sl Plate S2 
Vn1tora Load UDItorm L084 Line Load 
.... 10 B-2.0 lIa.lO 11-20 B-o.25 11-20 
4.; 8.0 4.6 4.0 l2.6 4.0 
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In general it may be concluded that with regard to bending moment 
at the center of the beam, J is relatively insignificant except for the 
larger size of openings with small values of H. 
The relationship of the bending moment at the end of the beam to 
J as J changes from zero to a relatively large value is summarized in 
tabular form belOVl. 
Percentage Increase in Bending Moment at End of Beam 
as' J Changes fran 0 to 20 
Plate 81 Plate 82 
Uniform Load Line Load Uniform Load Line Load 
H=O.lO H=20 H=O.IO H=20 H=O.25 H=20 H=0.25 H=20 
40.1 29·2 56.1 31.0 98.5 65.8 lc6.4 68.0 
From the above table it can be observed that the bending moment 
at the end of the beam is significantly affected by changing J, and that for 
certain ~ases, the bending moment at this location may change by more than 
100 percent as J is increased from zero to a relatively large value. It 
may also be observed that the increase for plate S2 is greater than that 
for plate Sl and that the increases for line load are slightly greater than 
those for uniform load for the same si ze of opening. 
d. Combined Effect of Flexural Stiffness and Torsional Stiffness 
From Figs. 40 through 47 it may be observed that, in general the 
bending moments in the beams at the perimeter of the openings have maximum 
values at midspan of the beam and decrease toward the end of the beam. How-
ever, when a small value of H is combined with large value of J, this trend 
is reversed and the maximum bending moment occurs at the end of the beam 
instead of at midspan. This general conclusion holds for both types of 
loading and for both sizes of opening. 
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22. Beam Torsional M<Dents 
Torsional I1c:ments in the beams at the perimeter of the opening are 
affected by the same variables that affect the bending JDCDents. Torsional 
manenta are presented graphically in Figs. 50 through 58. 
It should be pointed out that one of the basic &8sumptionsuaed 
in the analysis is that the torsional mc::menta in the beams are constant 
between node point.. This means that tors1oD&l mcment diagrams would plot 
aa a stepped f'unction if plotted according to this basic assumption. How-
ever, in an effort to present a more realistic picture of what occurs in 
the actual structure, the torsional momenta were plotted halt w~ between 
node points and these points were then connected with a smooth curve. 
These resul. ting curves indicate that tte torsional moments have a value 
of zero at midspan of the beam and increase to a maximum at the end of the 
beam. 
The variables affecting the torsional moments are discussed 
separately below. 
a. Size of Opening and Type of Load 
)faximlm torsional moments for the beams of plate S2 are greater 
than those for plate S1 both for uniformly distributed load and for uniform 
line load at the perimeter of the opening. The d1f'ference between maximum 
beam torsional moments for plate S2 and plate 61 is greater for line loading 
than f'or uniformly distributed loading. 
In the graphical presentaticm., beam torsional moment. are given in 
terms of L, the dime!l8ion of the plate opening (also the length of the beam) 
and thua the relative magnitudes of torsioD&l moments for beams of plates with 
different opening a1:l.es are not immediately obvious. For comparison purposes, 
H 
o 
20 
H 
o 
20 
TABLE 3 
CCMPARISON OF MAXDIJM BEAM TORSIONAL Ma-mBTS 
Maximum Beam Torsional Manents for Plates with Uniform Load 
(in terms of qb3) 
Plate 51 
0.00076 
0.00130 
J ::: 0.25 
Plate 52 
0.00017 
0.00173 
Plate 81 
0.00094 
0.00166 
J c,20 
Maximum Beam Torsional Moments for Plates with Line Load 
(in terms of q
'
b2 ) 
J ::: 0.25 
Plate 51 
0.00432 
0.00688 
Plate 52 
0.00608 
0.02030 
Plate 51 
0.00520 
0.00848 
J = 20 
Plate 52 
0.00102 
0.00237 
Plate ''52 
0.00880 
0.1330 
max1",. beam tora1oD&l. ..ents tor certain 11 and J value. are expressed in 
terms ot the plate d1menaion, b, &8 shovn in Table 3. 
From the above tabulatiQD8, it JD67 al80 be observed that the 
difference between _x.1mma beam torsional moments tor plates S2 and 81 
increases with increasing J and al80 with increasing B tor both un1fo~ 
distributed load on the plate and uniform line load at the perimeter of the 
opeD1ng of the plate. 
b. '!'he Eftect or Beam Flexural Stiffness 
Figs. 52, 53, 56 and 57 indicate that the flexural stiffness of 
the beams has an 1.IIportant bearing on beam. torsioaal maDenta. This is 
easily understood when 1 t is realized that the action of the plate tends 
to rotate the beam at the edge of an opening and that this rotation 1s 
resi.ted primL.~l.y by bending of the beams perpendicular to the beam tending 
to be rotated. The bending resistance of these beU18 is a direct function 
of flexural st1ffness. 
M the n.lue of 11 increases f'ran zero to a value approaching 
that of a be .. vi t.b lntin1 te flexural stiffness, the percentage increase 
in the Ja&X1aua t.ara 10D&l mc:ment in the edge beams for plate 52 is con-
siderab17 greater t.h&n for plate 31. For a given size of opening the per-
can'tage 1ncre .... e 1.n -yj.,. beam torsional .aaent is slightly grea~r tor 
un1f'ormlr d.1.trtbut.ed load thaD for line load 8.lld, for & given Size of· 
\ 
opening aDd a giftD tJpe of' load, the percentage of 1ncrea.e in max1mum beam 
torsiOD&l -=-eDt 1. greater f'or larger values of J than for smaller values 
u B changes frca :.ero to a relatively' large value. These statements are 
aw.ar1zed in tabular form below. 
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Percentage Increase in ~mum Beam Torsional Moment 
as H Increases from 0 to 20 
J Plate 81 J Plate S2 
Uniform Load Line Load Uniform Load Line Load 
0.10 65.6 48.8 0.25 121.8 113.0 
20 73.4 66.0 20 135.5 125.0 
It should also be pointed out that the beam torsional moments for 
all sizes of openings, all types of load, and all values of J increase at a 
decreasing rate as H increases. 
c. Effect of Beam Torsional Stiffness 
Figures 50, 51, 54 and 55 indicate that beam torsional stiffness 
is one of the most important factors influencing the beam torsional moments 
and that torsional moments increase with increasing J. 
For equal changes 1n the value ot J, the percentage increase 1n 
the maximum beam torsional moment for plate 52 is greater than for plate 81 
for both uniformly distributed load and line load. For a g1 ven size of opening 
this percentage increase 1s greater for line load than for uniformly distri-
buted load for plate 52 but is slightly greater for uniformly distributed 
load than for line load for plate 81. The percentage increase in beam tor-
sional moment with increase in J is greater for larger values of H than for 
smaller values of H. These statements are SllIIDllB.rized in tabular form below e 
Percentage Increase in Maximum Beam Torsional Moment 
as J Increases from 0.25 to 20 
H Plate 81 Plate S2 
Uniform Loa.d Line Load Uniform Load Line Load 
0 23·0 22.4 34.8 44.6 
20 28.4 2~·2 ~2·6 52.6 
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Beaa torsiODal aaaents increase at a decreasing rate for both 
sizes of opening uad. for both types or loa.d1ng with corresponding increaaes 
in J • This fact 11 illustrated in Fig. 58. 
d. Ccmb1Ded Effect of Beam Flexural. Stlffnes8 and Beam 'l'orsiODal Stiffness 
When the tlexaral stiffness of the edge beams is zero, beam tor-
8iOll&l mo.nts iDCrea.8e at a decnaaiug rate frQJl a value ot zero at the 
center of the be_ to a max1.nnlDl value at the end at the beam tor all values 
ot J and tcrr both loading cond1 tiona and both q>en1ng sizes. 
As the value of B increases slightly, beam torsional manents 
increase at an increasing rate frcm the center to the end at the beam when 
J is also small, but continue to increase at a decreasing rate tor larger 
vaJ.ues of J. However, when H becanes large, the beam torsional moments 
increase at an increasing rate fran the center of the beam to the end for 
all values of J. 
Minimum values of beam torsional manent occur when both H and J 
are small and maximum values occur when both H and ~ are large. 
23. Deflect! ona 
Defieetlons were ccmputed primarily for the purp08e of obtaining 
plate bending moments, beam bending manents and beam torsional mcaents. How-
ever, since deflections ~ be of primar,r interest under certain conditions, 
they are discussed below in some detail in connection with the variables that 
affect their magnitude. 
DeflectiOns along certain critical sections are shown in Fig. 59 
through 78. Detlectioo.s for a so~id plate loaded with the same load used for 
the plates with openings are shown in these figures with heavy solid lines. 
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a. Size of Opening and !ype of Load 
For plates with openings, the paints of maximum deflection are 
at the centers of the edges of the opening. For uniformly distributed load, 
maximum deflections for plate 81 are greater than those for plate S2. For 
line loading, the ma.:ximum deflections for plate 82 are greater than those 
for plate 81 for the smaller values of H but the maximum deflection of plate 
81 exceeds that of plate S2 when the value of B becomes large. 
To show the general relationship between maximum deflections and 
size of opening and type of load Table 4 is presented. These deflections 
are compared with the deflections of corresponding pOints for solid plates 
loaded in the same manner as the plate with an opening. 
b. Effect of Flexural Stiffness 
Figures 59, 64, 69 and 14 indicate that deflections along lines 
through the central portion of the plate are reduced by increasing the 
flexural stiffness of the beams at the perimeter of the openings. Maximum 
reductions in deflections occur in the central region of the plate. 
Since defle:tions in the region of the corner formed by the inter-
section of the f need edges of the plate are not shown graphically, it should 
be pointed out that for a given size of opening, type of load, and value of J, 
deflections in theae :orner regions increase rather than decrease with corres-
ponding in:rea.~. 10 the value of H. For plate 32, the size of the corner 
region in wh1:h deflect10ns increase with increasing H is roughly OD2b x 
O.2b and becocel .lightly smaller as the value of J becomes large. For 
plate 81, the size of this region is roughly O.lb x O.lb and decreases 
slight~ with increasing J. Increases in deflections in these corner 
regions are very small and are not considered to be significant. 
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TABLE 4 
) 
, 4 
Deflections for plate. with uniform load, in terms of qb III 
J Plate 81 J Plate 52 
11-0.10 :&-20.0 B-O.25 B=20.() 
0 0.00121 0.00107 0.000853 0 0.000614 0.000568 0.000384 
0.10 0.00119 0.00104 0.000822 0.25 0.000643 0.000521 0.000335 
20.0 0.0011.8 0.00103 0.000800 20.0 0.000629 0.000500 0.000305 
Corre spcoUng deflection in a CorreapODding deflection in a 
aol.1d plate - 0.00103 solid plate - 0.000521 
Deflections for plates with line load, in terms of q'b3/1 
Plate 81 
J 
BaO 8-0.10 lIa20.0 
0 0.00427 0.00360 0.00241 
0.10 0.00420 0.00;45 0.00231 
20.0 0.00414 0.00335 0.00219 
CorreepODding deflection in a 
aol1d plate II: 0.00335 
Plate S2 
J 
HaO 11=0.25 11-20.0 
0 0·004.13 0.00;85 0.00225 
0.25 0.00450 0.00350 0.00183 
20.0 0.00431 0.00327 0.00158 
Corre~oDd1ng deflection in a 
solid plate = 0.00345 
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Increasing B is more effective in reducing the maximum deflection 
for plate 52 than for plate 81 and is more effective for line load than for 
uniformly distributed load. Also, increasing H is more effective in reducing 
maximum deflections when J is large than when J is small. These facts may 
be observed fran the tabulated information shown below. 
Percentage Decrease in Maximum Deflection as 
H Increases from 0 to 20 
J Plate 81 Plate S2 
Uniform Load Line Load Uniform Loa.d Line Load 
0 29-7 42.2 43·0 52·5 
20 32.2 47.2 51·5 63·9 
Deflections decrease at a decreaSing rate as the value of H 
increases. This is illustrated in Fig. 79. This figure indica.tes that 
increasing H beyond approximately 2.0 for plate 81 and beyond approximately 
4.0 for plate S2 has little effect on deflections. 
c. Effect of Beam Torsional Stiffness 
The deflection of every point in the plate decreases as the tor-
sional stiffness of the beams at the perimeter of opening increases. How-
ever, the effect of beam torsional stiffness on deflections is not nearly 
as great as that of beam flexural stiffness. The variation in deflection 
along certain sections as J changes and. H is held constant is shown in 
Figs. 62, 63, 67, 68, 12, 13, 77, and 78. 
Torsional stiffness is more effective in reducing maximum deflections 
for plate S2 than for plate 81. Also it is more effective in reducing ma.x.i-
mum deflections for the line loading than for uniformly distributed load and 
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reduct:10D8 are greater tar large values ot B than for .amaJ.l values. These 
concluaiOll8 can be verified b,- the information tabulated below. 
Percentage Decrease in )Ia.x1mnm Deflection 
as J Increases fran 0 to 20 
Plate 91 Plate S2 
B 
Uniform Load LineLoa.d Uniform Load Line Load 
0 2.8 3·0 6.7 20.5 
20 6.2 1l.4 1.6 29.8 
Deflections at all pOints decreue at a de~aaiDg rate &8 the 
value of J increaaes" 
d. Combined Effect of Flexural Stiffness and Torsional Stit.fue8. 
Inspection ot Figs. 59 through 68 indicate. that if the Yalue of 
both H and J for plate 81 is made slightly greater than 0.10, the' _det'lec-
tiona along lines through the central portion of the plate will be very 
near~ the same for those of a solid plate loaded in the same manner. 
Figs. 69 through 18 indicate that the de:f'lections of plate S2 will cJ.osely 
approrlma te those of a solid plate loaded in the same ma.zmer when both 
R and J are approximately 0.25. 
24. Use of a Syetea of Beams to Predict the Behavior ot the Plate-Be_ System 
The pate-beam 8yetem analyzed in this investigation represents a 
complex structure, the behavior of which is difficult to predict. Arq over-
Simplification of the basic structure for purposes of anaJ.ysis would repre-
.ent quest10Dable procedure. However, in order to understand the general 
behavior of the plate beam system, it is convenient to think of this system. as 
being roughly' analogous to the system of beams shown 8chematica.l.l7 in Fig. Boa. 
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In this beam analog, the plate-beam system is thought of as being 
replaced by a system of beams, four of which span from edge to edge of plate 
and four of which span from edge of opening to edge of plate. The remainder 
of the plate may be thought of as serving only to transmit load to these 
beams. 
Beam 1-1 is the same as beam 2-2, but for purposes of understanding 
the action of the plate-beam system, it is convenient to think of beams 2-2 
as furnishing reactions for beams 1-1. (In the same manner beams 1-1 fur-
nish reactions for beams 2-2). The resultant reactions are vertical forces 
applied through flexible springs and variable torsional moments as shown 
in Fig. BOb. 
The flexural stiffness of beam l-l(or beam 2-2) may be distributed 
as sh~n in Fig. 8Od. The stiffness of the central portion of these beams is 
primarily a function of H, the measure of the flexural stiffness of the beams 
at the perimeter of the opening in the real plate beam system. In either 
case, in:reasing the stiffness of the central portion of such a beam results 
in decreased deflection of all points along the beam. Thus it may be seen 
that in=reasing the value of H decreases the deflections along lines thr~~gh 
the central region of the plate. That this is true for the real plate-beam 
system has been pointed out in a preceding section. 
Th~ effect of beam torsional stiffness on deflections is not so 
readily discerned, but may be understood as other ideas concerning the 
beam analog are developed. 
Beam A may be thought of as a beam with one end rigidly fixed and 
the other end flexibly supported with respect to both vertical deflection 
and rotation as shown in Fig. 8oc. The amount of vertical deflection depends 
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upon the deflection of the central portion of beam 1-1, and the rotatioilal 
restraint i8 a fuDct1aa ot the torsional stittDesS of the central part of 
beam 1-1. 
It has a.l.read1" been shown that increasing the value or B decreases 
the det'~ection of beam 2-2. Wi th reference to beam. 1-1, this means increas-
iug the stiffness of the springs S. '1'h1a increase in spring stiffness 
decrease. the deflection of beam 1-1 throughout, and the direct effect of 
increasing H decreases the deflection of the central portion. Thus the 
overa:u et'fect on beam A or increasing H is to decrease the vertical deflec-
tion of the flexibly supported end. This decrease in deflection obv1oU8~ 
decreases the negative JD.aa.ent across section a-a of Fig. SOb. This section 
corresponds to the central part of' a fixed edge in the real plate-beam system. 
lIuIIerical result. obtained in this investigation .how that a definite decrease 
in pate bending moment at the center of' a fixed edge occura as the value 
of' B i& increased. This decrease occurs irrespective of the size of the 
openiag, the type of load, or torsional atlttness of the beams at the peri-
meter of the opening. 
When the rotational restraint at the flexibly supported end of 
beam A 1s zero, the deflected shape of the beam could be at any or the three 
general shapes shown below depending upon loading conditions and vertical. 
restraint. 
--- - ~ 
3 ~ ~ 2 1 
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For uniform load, the deflected shape would be that shown as 2 or 3, but 
for a concentrated load at the restrained end (corresponding to line load 
at the perimeter of the opening) the deflected shape could be that shown 
as 1. 
It has already been shown that increasing the value of H decreases 
the vertical deflection of the restrained end of beam A. This means that 
the shape of the beam might change fran 1 to 2 as H is increased. This 
would indicate that moments near the restrained end might change fran nega-
ti ve to posi ti ve • This is precisely what happens to the ·plate bending moments 
in the corresponding region of the real plate-beam system when line loading 
is used for either plate 51 or plate 82 and the value of H is increased. 
If' the in1 tial defl.ected shape of beam A is that shown as 2, 
decreased deflection of the restrained end would change the deflected shape 
toward 3. This means that posi ti ve mcment near· the restrained end would 
increase 1n ma.gni tude. When uniformly distributed load is applied to plate 
Sl or pl.ate S2, the plate bending moments across sections parallel and 
adjacent to the edge beams in the real plate-beam system increase as the 
vaJ.ue of H is increased. 
As the rotational restraint at the end of beam A increases, posi-
tive moment is induced at this end. This increase in positive moment 
decreases the shear at the restrained end and increases the shear at the 
fixed end. This means in effect, that load is transferred fran beams 1-1 
(and beams 2-2) to the edge of the plate. Computed vertical shears in the 
real plate at the intersection of the plate and the central part of the edge 
beam show a definite decrease with an increase in J. Removing load from the 
center of beam 1-1 tends to reduce the deflections throughout its length. 
In the same manner, deflections of beam 2-2 are decreased. The overall 
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effect OIl beam A of increased rotational. restraint is to increase the 
positive moment at the restrained end and at pOints near this end. The 
rotational restraint is a function or the torsional stiffness, J, at 
part a of beam 1-1. Plate bending moments in the corresponding region of 
the real. plate-beam system shOll the same trend as those of beam A as J is 
increased. 
It might appear that negative moment at the fixed end of beam A 
would decrease vhen the deflection of the restrained end decreases because 
of an increase in the value of J. However, the decreased deflection is 
accompanied by increased positive moment at the restrained end. This 
increase of positive moment at the restrained end increases negative moment 
at the fixed end and thus cancels out the effect of decreased deflection of 
the restrained end. It was shown in Section 20 that negative moments across 
t~ central portion of a fixed edge or the real plate-beam system are essen-
tially independent of the value of J. 
For a beam with fixed ends and with flexural stiffness distributed 
as shown in Fig. Bod, it can be shown that increasing the flexural stiffness 
of the central portion results in reduced end moments and increased moments 
in the central portion of the beam. Beams 1-1 (and beams 2-2) of the beam 
analog behave in this general manner, and corresponding moments in the plate-
beam system change as predi cted. Beam bending moments increaae vi th H and 
plate bending moments at the fixed edge in the region where the prolonged 
longi tudinal axis of the beam intersects the fixed edge decrease as H is 
increased. 
When the bending moments in part a of beam 1-1 are large, bending 
moments at secti on c -c of part b will also be large if the value of the 
torque T is zero or small. It has been shown that bending manents in part a 
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increase with increasing H and thus moments at section c-c will increase 
wi th H if T remains constant. The actual plate bending moments in the 
region corresponding to section c-c of Fig. Bob increase rapidly as H 
increases. 
As the value of J increases, the torques T acting on beam 1-1 
of Fig. 80b increase. The effect of increasing T is to increase positive 
moment in part a by a constant amount throughout its length, to develop 
negative moment at section c-c of partb, and positive moment at section b-b 
of part b. This overall effect is shown graphica.l.ly below. 
However, it must be remembered that there is another effect of 
increasing J. It was pointed out previously that an increase in J also 
results in removing load from the center of beam 1-1, and this effect must 
also be considered with the effect of increasing T. As shown in the above 
sketch, increasing T increases positive moment throughout part a of beam 1-1. 
However, removal of load from the center of beam 1-1 decreases positive 
moment in this region. Apparently removal of load bas a somewhat greater 
effect than increasing T, since the beam bending moments at the center of 
the beams in the real system shu", a slight decrease as J is increased 0 At 
the ends of part a, an increase in T apparently has a greater effect on the 
moments than does the removal of load, and beam bending moments at the ends 
of the beam for the real system show an increase as J is increased. 
Both the removal of load and the increase in T serve to reduce 
posi ti ve mcment at section c-c of part b of beam 1-1 ~ It has already' been 
pointed out that increasing J is effective in reducing plate manents at 
the re-entrant corner of the real system. 
The removal of load and the increase in T both decrease the nega-
ti ve moment at section b-b of part b of beam 1-1. Plate moments at corres-
ponding sections in the real. system decrease with increasing J, especially 
when H is large and the opening is large. 
It may be noted here that by increasing T, deflections along part a 
of beam 1-1 are increased. However, the removal of load fran the center of 
the beam apparently bas the greater effect since deflections throughout the 
entire plate are decreased with an increase in the value of J. 
An increase in H reduces "the curvature of the central portion of 
beam 1-1 and thus reduces the curvature along section d-d. in Fig. Bob. Since 
the plate adjacent to this has the same curvature as beam 1-1 and since the 
stiffness of the plate remains unchanged, a reduction in curvature of the 
beam results 1n a decrease in plate moments along this section. Manents in 
the correspocd1ng regicn (across line O-X and adjacent parallel sections) of 
the real. plate be ... ayatem show a definite decrease as the value of H 
increasea. 
An In:reaae 1n T would increase the curvature along section d-d, 
but here aga.in t.he eftect of load removal outweighs the effect of increased 
T, and plate beDding mcments a1.o~ this section decrease slightly with an 
increase in J. 
Although no quantitative results can be obtained from the analog 
used in this discussion, it does serve the purpose of prOviding a qualitative 
understanding of the relationship between plate bending moments, beam moments, 
and def':Lections and the properties of the beams at the perimeter of the opening. 
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25. The Effect of Fineness of the Network 
It is considered that in general the results obtained with the use 
b 
of a netvork with h = 20 are reasonably accurate except for regions in the 
immediate vicinity of the re-entrant corner. Results obtained for a solid 
plate by fim te differences with h = ~o are compared with those of an "exact" 
solution in the table below. The "exact" values shown for mcments are avail-
able in Reference 8. 
Moment 
in terms of qb2 
At Center 
of Fixed Edge 
At Center 
of Plate 
Finite Difference 
b Method with h 20 
-0.0509 
+0.0177 
"Exact" 
Solution 
-0.0513 
+0.0175 
b In addition to the solutions obtained wi th h = 20' a solution was 
b 
obtained for one plate with h = 30. Another solution was obtained for the 
b 
re-entrant corner region for a network with h = EO' using deflections of the 
b/20 gridwork two grid lines from the opening as boundary conditions. Newton IS 
surface interpolation formula in finite difference form (7 ) was used to obtain 
the necessary deflection of points on the interpolated surface corresponding 
to the f'iner network. Forward differences were used in the formula so that 
none of the pOints in the coarse grid were closer than two grid lines to the 
re-entrant corner. 
Fig. 81 .shows the comparison of moments in the region around the 
b b b 
opening for difference networks with h = 20' h = 30 and h = EQe It is apparent 
fram this figure that moments at the re-entrant corner may be very high but 
that the peak moment occurs in a highly localized area. If the plate material 
can yield, this peak moment should not be of major concern. 
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26. Effects of Different Values of Poisson'. Ratio 
In the majority of the cases considered in this investigation, 
Poisson '5 ratio was assumed to be zero; however, for purposes of ca:upa.rison 
two solutions were ~epeated using a value of 0.3 for POisson's ratio. One 
of these solutions was for plate 51 and the other was for 52. Intermediate 
values of H and J were used .and uniformly distributed load was used in each 
case. 
Since bound.a.r;y condi tiona for a plate containing an opening iovol ve 
Poisson's ratio, a completely independent solution for each plate considered 
must be obtained for each value of Poisson '8 ratio used. 
A comparison of plate bending moments with J.L = 0 and with J.L = 0.3 
is shown for plate 51 in Fig. 82 and for plate 52 in Fig. 8;. Fran these 
figures it may be noted that moments across sections pa.ra1l.el to and c1.ose 
to fixed edges do not differ greatly for the two values of Poisson's ratio. 
The most outstanding changes occur in the manents across sections perpendicular 
to fixed edges and at or immediately adjacent to these edges. MaDents in 
regions immediately adjacent to the opening changed appreciably with a change 
in Poisson's ratio with the change being more pronounced for Plate 51 than 
for Plate 52. MaDents in the vicinity of the openings were consistently 
greater for ~ = 0.3 than for J.L = o. 
For plates with boundary conditions that are independent of POisson's 
ratio, the following expressions(8) apply. 
mJ.L = mJ.L=O + J.1 mlJ=O 
x x y 
II 11:0 11=0 
m=m +J.1m y y x 
m and m are moments per unit of width in the direction of x and y, respec-
x y 
ti vely, and. the superscripts indicate the value of J.1 considered. For Plate Sl, 
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moments could be obtained throughout from the expressions which apply to 
solid pl.ates without introducing an error of more than 5 percent. This 
was also true for plate S2 except in the viCinity of the re-entrant corner 
where the error amounted to approximately 10 percent. Manents computed fran 
the expressions for solid plates are shown in dashed lines in Fig. 83. 
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V. SUMMARY AND GENERAL COI«::LUSIOIfS 
27. Outline of Investigation 
The theoretical investigation presented herein is concerned with 
a study of deflections and manents in fixed-edge square plates with square 
openings at the center of the plate, the edges of the opening being stiffened 
with beams having various degrees and combinations of flexural and torsional 
stiffness. 
The primary object of this study was to provide general knowledge 
of the effects on the deflections and moments of the plate of adding stiffen-
ing beams at the perimeter of the opening, and to obtain some insight into 
the resulting bending and torsional moments in the stiffening beams. It 
was also desired to determine the degree and combination of flexural and 
torsional stiffness that would cause the action of the plate to apprOximate 
that of a so.lid plate under similar l.oading conditions. 
The method of analysis used was based on the application of 
fini te difference equations to plates and beams. The required difi"erence 
operators vere based on the concept of Newmark's plate analog extended to 
include the presence of beams acting with the plate. In this physical 
model, the plate is assumed to be ccmposed of rigid bars connecting elastic 
hinges, vi th torsion springs attached to adjacent parallel bars. A beam 
is represented by weightless, rigid bars connecting elastic jOints, with 
torsion .pring. wrapped around the bars to resist torsion. The resulting 
simultaneoua equations were solved on the ILLIAC (the University of Illinois 
Digi tal Caaputer). The computer was also used to calculate plate bending 
moments from deflections. 
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Two different opening sizes were considered: (1) a square opening 
at the center of the plate with a dimension of 0.20 of plate span length; 
(2) a square opening at the center of the plate with a dimension of 0.40 of 
the plate span length. Two types of loading were used for each plate: 
. (l) a uniform load applied to the remaining area of the plate; (2) a uni-
formly distributed line load applied at the perimeter of the opening. Also 
for purposes of comparison, solutions were obtained for a solid plate loaded 
wi th each type of load that was used for plates with openings 0 In most of 
the cases considered, Poisson's ratio was assumed to be zero, although two 
solutions were repeated USing 0.3 far Poisson's ratio. A difference network 
with h = b/20 was used for most of the solutions; however, for purposes of 
comparison, one complete solution was obtained with h = b/30 and another 
solution was obtained for the re-entrant corner region with h = b/Bo, USing 
deflections of the network with h = b/20 as boundary conditions. The primary 
variables were considered to be the flexural stiffness and the torsional 
stiffness of the beams at the perimeter of the opening. For each plate and 
each type of load, solutions were obtained for six values of torsional stiff-
ness and six values of flexural stiffness. Thus, for a given size of opening 
with a given type of load, 36 solutions were obtained. 
28. Numerical Results 
Numerical results were obtained for deflections, plate bending 
moments, beam bending moments and beam torsional moments. Conclusions con-
cerning these quantities are summarized below. 
(a) Deflections 
Deflections are not tabulated, but the deflections along certain 
critical sections are shown in Figures 59 through 18. 
\. 
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For plates with openings, the points of max11D1JDl deflection are 
at the centers of the edges of the openings. For the condition of uniforml.7 
distributed load, maximum deflections for plate 81 exceed th08eOf plate S2. 
For the line loading condition, the maximum deflections of plate S2 are 
greater than those of plate 51 when the flexural stiffness of the beams at 
the perimeter of the opening is small, but the deflections of plate 51 
exceed those of plate S2 when the value of the flexural stiffness becomes 
large. 
Def'lectiOl18 along l.ines through the central region of the plate 
decrease with increasing fiexural stiffness of the beams, as shown in 
Fig. 59-61, 64-66, 69-71, and 74-16. However, deflections in the immediate 
vicinity of the corner formed by the- intersection of the fixed edges ~ecrease 
slightly with increasing values of -beam flexural stiffness. Deflections 
along lines through the central region decrease at a decreasing rate as 
the beam flexural stiffness increases. 
Deflections throughout the plate decrease as the torsional atift-
ness of the beama at the perimeter of the opening increases, although the 
effect of torsional stiffness on deflections is much less than the effect 
of f1exural stiffness. Figures 62, 63, 67, 68, 72, 73, 77 and 78 shOW' the 
relationship between deflections along certain sections and the torsional 
stiffness of' the beams. Deflections at all points decrease at a decreasing 
rate aa the value of torsiOnal. stiffness increases. 
For plat-e 81, !I8ld.ng the value of both H and J sllghtly greater 
than 0.10 results in plate deflections that are very nearly the same aa 
thOle for a solid plate loaded in the same manner. For plate S2, the deflec-
tions will approximate those of a solid plate when the value of both H and 
J are approximatelT 0.25. 
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(b) Plate Bending Moments 
For plates with uniformly distributed load, moments across or 
along any given line are larger for plates with the smaller opening than 
those for plates with the larger opening except for paints at or in the 
immediate vicinity of re-entrant corners. Within the range of opening 
sizes studied in this investigation, bending mcments at corresponding points 
for plates with equal intensity of line load at the perimeter of the opening 
are greater for plates with the larger opening than the bending moments in 
plates with the smaller opening. 
Variations occur in plate bending moments throughout the plate 
with corresponding changes in the flexural stiffness, as measured by H, of 
the beams at the perimeter of the opening, as shown in Figs. 8 through 23. 
However, only those moments in certain specific regions show significant 
changes in value as H changes 0 These moments that are especially sensi ti ve 
to variat10ns 1n H are plotted as a function of H in Figs. 36 and 37. 
Moments across a fixed edge near its center are especially 
sensl tl ve to changes in E and, depending upon size of opening and type of 
load, m.a,y be reduced from approximately 9 percent to as much as 44 percent 
as the value of H increases fran zero to a value approaching that of an 
in:fln1 tely stiff beam. Mcments across adjacent parallel sections also 
decrease as H increases. Moments across sections perpendicular to and 
intersect1ng the edge beams decrease with increasing H. Reductions have 
a maximum value at the beam and decrease as the distance from the beam 
toward the fixed edge increases. Plate bending moments at the re-entrant 
corner are especially sensitive to changes in H. Moments at this location 
increase with increasing H. Moments across sections parallel and adjacent 
to the edge beams increase as H increases. Plate bending mcments increase 
or decrease at a decreasing rate as the value of H increases. 
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In general, plate beDding JIlCIIlenta are JaUCh les8 sensitive to" 
ehaDgeS in the torsioDBl. stiffness of the edge beama than to changes in 
tle~ stiffnes8 of these beams. The relationship between the plate 
bending moments and beam torsional stiffneS8 as measured by J i8 shown 
in Figs. 24 through 35. Plate bending moments at the re-entrant corner 
JIJIJ:1' increase or decrease with an increase in J, depeDd1ng upon the relative 
value ot H. When the value of J exceeds appreciably the value of H, plate 
moments at the re-entrant corner increase with increasing J, but they 
'decrease with increasing J when H is greater than J. Plate bending 
maaent8 across a section at the intersection of the plate and edge beam 
iDCrease with increuing J as do those lILaD8nt. across adJacent paral1e~ 
sections. Some significant reduction occura in the plate moments across' 
a fixed edge in the region where the pralonged long1 tudinal axis of the 
beam intersect. thi8 fixed edge as the value of J is increased for plates 
vi th the larger opening when H is large. Plate beDding maaenta increase 
or decrease at a decreasing rate with an 1ncreaae in J. 
For plate 51, it waa found that when the va.l.ue of both H and J 
i8 approximately 0.10, plate bending momenta at IIlOst locations will corres-
pond closely to those of a 80lid plate loaded in the same manner. For 
plate S2, plate bending DlCIIIent. will approximate those in a solid plate 
when the value of both HandS ia approximately 0.25. 
A comparison of plate bending DlCDenta with f.L - 0 and with f.L - 0., 
18 shown in Figs e 82 and 8; e From these figures it may be noted thAt 
moments across sections parallel and adjacent to fixed edges do not differ 
great17 for the two different 'Values of Poisson's ratio. The DlOst signifi-
cant changes occur in moment. ~ro.8 sections perpendicular to fixed edges 
and at or 1nIIled1ately adjacent to these fixed edges. Mcaents in regions 
70 
immediately adjacent to the opening change appreciably with changes in 
~, with the change being more pronounced for plate 81 than for plate S2. 
Moments in the vicinity of the opening are consistently greater for ~ • 0.3 
than for ~ = O. It was found that if plate bending mcments are available 
for Poisson's ratio equal to zero, then the moments 1n the same plate for 
any other value of POisson's ratio may be obtained by use of expressions 
which apply to solid plates, without serious error, except for regions in 
the immediate vicinity of the opening. Even in the vicinity of the openings, 
the expressions for solid plates c'ould be used without introducing an 
error o-r more than approximately 10 percent. 
From solutions Obtained using reduced difference networks, it 
was found that values of plate bending moments for h = b/20 were practically 
the same as those for h = b/30 except at the re-entrant corner and that 
even with a network using h = b/80 no appreciable difference is noted 
between values of plate moments for the different grid sizes beyond a 
distance of b/80 from the re-entrant corner. 
(c) Beam Bending Moments 
With uniformly distributed load on the plate, the bending moment 
at midspan of the beam is greater for plate 81 than for plate S2 for small 
values of H, but when H becomes large the bending manent at midspan of the 
beam is greater for plate 82 than for plate 81. The moment at the end of 
the beam is consistenUy greater for plate 81 than for plate 82. When a 
line load is used at the perimeter of the opening, the moment at midspan of 
the beam is greater for plate 82 than for plate 81, and the difference in 
these moments becomes greater as the value of H increases. Moments at the 
end of the beam follow the same trend. 
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The flexural stiffness of the beam i8 the moat significant 
factor affecting bending moments in beams. Fig\.1re8 40, 42, 44, aId 46 
indicate the manner in which beam bending moments vary with the flexural 
stiffness of the beama. Bending moments throughout the entire length of' 
the beam increase at a dec:reaaing rate with an increase in H. 
The general effect of increasing the torsional stiffness of the 
beams is to decrease the bending moment at midspan of the be&lll and to 
increase the bending moment at the ends of the beam. The relationahip 
between beam bending moments and beam torsional stiffness is shown in 
Figs. 41, 43, 45 and 47. 
As the value at J i8 increased from zero to a value approaching 
that of a beam with infinite torsional stiffness, the bending mc::ments at 
midspan of the beam decrease by 4 to 12.6 percent and those at the end 
increase bY' 29.2 to 106.4 percent depending upon the size of opening, ~ype 
of load, and the value of the flexural stiff'DesS of' the beams. In general, 
bending mcments are a maximum. at~ midspan of' the beam and decrease toward the 
end; however, when the torsional stiUnes8 of the beam 1s appreciably greater 
than the fiexural stiff'ness 1 the bending JDaDent 18 a maximum at the end of 
the beam and decreases toward midspan. 
(d) Beam Torsional Maoents 
Beam torsional moments have a value of zero at midspan and increase 
to maximum values at the ends of the beams. 
Maximum torsional moments for the beams of plate 52 are greater 
than those for the beams of plate 81 for both types of loading used in this 
investigation. 
The flexural stiffness of the beams has an important influence on 
the beam torsional maaents, as ~Ddicated in Figs. 52, 53, 56 and 57. As 
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the value of H is increased from zero to a value approaching that of a beam 
with infinite flexural stiffness, maximum beam torsional moments increase 
by 48.8 to 135.5 percent depending upon size of opening, type of load, 
and the value of the torsional stiffness of the beams. 
Figs. 50, 51, 54, and 55 show relationship between beam torsional 
moments and beam torsional stiffness and indicate that torsional stiffness 
is one of the most significant factors influencing beam torsional moments. 
Beam torsional moments increase at a decreasing rate with an 
increase in J for both opening sizes and both types of loading. 
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x 
1
94 
my 
q'b 
my 
q'b 
my 
q'b 
my 
q'b 
- .
050 r 
center 
0 
H=.10 
+·050 
H =1.0 
+ .100 
center 
0 
+.100 
+ .150 
+-.200 
center 
0 
+.050 
Solid 
+.100 
+.150 
center 
o 
+ .OSO 
2 
2 
H=20 
H= 1.0 
H=.25 
H=.10 
Plate 
H=O 
2 
H= 20 
H=1.0 
H=.25 
Solid Plate 
+ .100 
+.150 
H=.10 
H=O 
Difference Network 
3 4 5 6 7 8 9 edge 
H-.25 
my ACROSS LINE 3-X 
Difference Network 
3 4 5 6 7 B edge 
H=O 
my ACROSS LINE 2-X 
Di fference Network 
3 4 5 6 7 8 9 edge 
my ACROSS LINE 1- X 
Difference Network 
3 4 5 6 7 8 9 edGe 
my ACROSS LINE o-x 
FIG.13 (b) BENDING MOMENTS IN PLATE 51 WITH VARYING H AND WITH J =.10 (LOADING L) 
my 
q'b 
my 
q'b 
\ 
my 
q'b 
~ 
Q'b 
-o050r 
center 2 
0 
+.050 
+ .100 
center 2 
0 
+.050 
+.100 
" +.150 " ~
f 
+·200 
center 2 
0 H=20 
H=1.0 
H=.25 
+.050 
Solid Plate 
+.100 
+.150 
center 
o 
2 
H=20 
H=1.0 
Difference Network 
3 4 5 6 
my ACROSS LINE 3-X 
Difference Network 
3 4 5 6 
my ACROSS LINE 2-X 
Difference Network 
3 4 5 6 
my ACROSS LINE 1- X 
Difference Network 
3 4 5 6 
H=. 2~ __ ---:::, 
+.050 
+.100 
+.150 
Solid Plate 
H:.O 
ACROSS LINE o-x 
95 
7 8 9 edge 
7 9 edge 
7 8 9 ·edge 
7 8 9 ed e 
FIG. 14 BENDING MOMENTS IN PLATE $1 WITH VARYING H AND WITH J = 1. 0 (LOADING L) 
- .150 
-.050 
o 
center 
- .100 
2 3 4 5 6 7 
Difference Network 
my ACROSS LINE 10-X 
y 
~ .. /: / , - -/ 
I 
PLATE 51 
8 edge 
~ -.OSO~~~~~ q'b 
o 
center 
my 
q'b 
2 3 4 5 6 
Difference Network 
my ACROS S LINE 8-X 
, I 
5 6 
Networ k 
my ACROSS liNE 6-X 
- .Osor 
cen~t er H=O 1 :2 
o :SOlidPI),~.25' 
+.050 CH=20 H=1.0 
Difference 
3 4 
Networf< 
5 6 
my ACROSS liNE 4-X 
7 8 9 eoge 
, , 
7 8 9 edge 
7 8 9 edge 
FIG.15 (a) BENDING MOMENTS IN PLATE 51 WITH VARYING H AND WITH J= 20 (LOADING L) 
x 
my 
q'b 
my 
q'b 
my 
q'b 
my 
q'b 
-oosor 
ce ter 2 
0 
+·050 
+ .100 
center 2 
0 
,/, 
, , 
I 
I 
+.100 
+ .150 
+.200 
center 1 2 
0 H=20 
H=1.0 
H=.25 
+.050 
Solid Plate 
+.100 
+.150 
center 
o 
+.050 
+.100 
+.150 
Solid Plate 
H=O 
3 
my 
3 
my 
3 
my 
Difference 
4 
ACROSS 
Difference 
4 
ACROSS 
Di fference 
4 
ACROSS 
Network 
5 6 
LINE 3-X 
H=O 
LINE 2-X 
Network 
5 6 
LINE 1- X 
Network 
5 6 
ACROSS LINE o-x 
97 
7 8 9 edge 
8 9 edge 
7 8 9 edge 
7 8 9 ed e 
FIG.15 (b) BENDING MOMENTS IN PLATE S1 WITH VARYING H AND WITH J = 20 (LOADING L) 
- .040 
H=O 
- .030 H=1.0 
H=20 
my 
2 - .020 qb 
-.010 
0 
center 
-.015 
=0 
-·010 H=.25 
my 
qb 2 
-·005 H=20 
0 
center 
coenter 1 I H~2~ 
my 
qb 2 
. " +·005 [ [ 
+.010 
H=1.0 
2 3 4-
D·fference 
my ACROSS 
2 3 4 
Siffi:rer::-e 
m ACROSS 
Y 
DiffF:rence 
2 3 4 
~=.50~ I 
~ E H = 20 :::::::::;--
S:id Plate 
my ACROSS 
PLATE S 2 
5 6 7 8 9 edge 
Netv,;or'k 
LINE 10-X 
5 6 7 8 9 edge 
Net'J\I ork 
LINE 8-X 
Ne~ ',/or ~ 
5 6 7 8 9 ed~e 
i 
':;iift ;p H=O 
~ 
LINE 6-X 
FIG.16(a) BENDING MOMENTS IN PLATE S 2 WITH VARYING H AND WITH J=O (LOADING U) 
Difference Network 99 
center 2 3 4 5 6 7 8 9 ed e 
0 
+.005 
my 
qb2 
-+·010 
+·015 
my ACROSS LINE 5-.x 
Difference Network 
center 2 3 4 5 6 7 8 9 ed e 
0 
+.005 
Solid Plate 
+·010 
+.015 
my 
q b 2 +·020 
+.025 
~·030 
of .035 
my ACROSS LINE 4-X 
Difference 
c~"'t~ .. 2 3 4 
0 H=20 
H=1.0 
H=.50 
+ ·CO!> H=.25 ~ SOldPi.J!~ 
q b2 
+·010 H=O 
+·015 
my ACROSS LINE 3-X 
FIG.16 (b) BENDING MOMENTS IN PLATE S 2 WITH VARYING H AND WITH J=Q (LOADING U) 
my 
qb2 
Difference Network 
cernt~e~r __ -r ____ ~2r-____ r3~~~4::::::5;;;;~6~~~7~~~8iiil .. 9 ..__ ~edge o H=20 
H=1.0 
H=.50 
Solid Slab +.005L __ ~~~~ __ ----_H_=_.2~~"~-­
+·010 
+.015 
my ACROSS LINE 2-X 
Difference Network 
center 2 3 4 9 ed e 
0 
+.005 Solid Slab 
H=O 
+·010 
+.015 
my ACROSS LINE o-x 
FIG.16 (c) BENDING MOMENTS I N PLATE S 2 WITH VARYING H AND WITH J= 0 (LOADING u) 
-.040 
H=O 
-.030 H=1.0 
my 
2 -.020 qb 
-.010 
0 
H=20 
c~nter 
-.015 
=0 
-.010 
2 3 -4 
Difference 
my ACROSS 
my Solid Plate 
qb 2 
-.005 H=20 
0 
center 2 3 4 
Difference 
my ACROSS 
Difference 
benter 2 3 4 
H=O 
my 
H=.25 Solid Plate 
qb 2 +.005 
H = 20 
+.010 my ACROSS 
y 101 
PLATE S 2 
5 6 7 8 9 edge 
Network 
LINE 10-X 
5 6 7 8 9 edge 
Network 
LINE 8-X 
Network 
5 6 7 8 9 ed e 
LINE 6-X 
FI G.17 (a) BENDING MOMENTS IN PLATE 52 WITH VARYING H AND WITH J=.25 (LPADING U) 
x 
102 
D:fiei'='tiCe N,=,two:-k 
certer 2 3 4 5 6 / e 1 .... ..~ w .~ .:.:"' .... 
0 
+ ·005 
_my 
c b 2 +·010 
+ ·015 m y ACROSS LINE 5-x 
Diff e r'er,ce 
.1 Netwcrk 
certe r 2 J I, '5 6 "/ r. . . ~' '.:J 
0 
H= 
+-·005 
So:id Plate 
+·010 
+·015 
my 
q b 2 +-·020 
+.025 
.... 030 
-+ ·035 
my ACROSS LINE 4-X 
Nebv'ork 
cetite~ 2 5 6 7 
0 H=20 
H= 1.0 
+·005 H=.'::::i 
my .:> ... .; Pc!te 
q b 2 
., -010 H=O 
+ -01 5l 
my ACROSS LINE :=,-x 
FIG. 17 (b) BENDING MOMENTS IN PLATE S 2 WITH VARYING H AND WITH J=.2S (LOADING U) 
103 
Difference Network 
center 2 3 4 5 6 7 8 9 edge 
0 
+.005 Solid Plate ~ H=O 
qb2 
+.010 
+.015 
ACROSS LINE 2-X my 
Difference Network 
centf!r 2 3 4 9 ed e 
0 
.... OO~ Solid Plate 
my 
qb2 +·010 
+.01~ 
my ACROSS LINE O-X 
FIG. 17 (c) BENDING MOMENTS IN PLATES 2 WITH VARYING H AND WITH J=.25 (LOADING U) 
104 
:) : t ~ e r ': --, c e ~F!'."_ ,'.~~ 
center 2 3 4 5 6 7 8 9 ed e 
0 
+ 005 
m 
$c lie Plate 
--y 
Qb2 +·010 
+ 015 ACROSS LINE 5-X my 
. 
II 
Difference /1 '" ':.- '. ~'\ :. -I I 
edge center 2 3 5 6 7 
0 ~ / 
~ 
, 
~ 
., 
+·005 H=O 
SOlid Plate 
+ 010 
+ 015 
my 
q b 2 +·020 
+·025 
+ 030 
+ 035 
my ACROSS LINE 4-X 
: -~, . ~ i p " ~:.::---; (" .~ ~ < ! #0 ~ '\'::) - .. : 
center 2 3 4 5 6 7 8 9 edge 
0 
+ 005 
my Sc';:: Plate 
q b2 
+,010 
+ 015 
my ACROSS LINE 3-X 
FIG. 18 BENDING MOMENTS IN PLATE 52 WITH VARYING H AND WITH J=1.0 (LOADING U) 
-.040 y 105 
~_~H=O 
-.030 F----.;.;...;;;.....~_ 
x 
H=20 
~ 
2 -.020 qb PLATE S 2 
-.010 
0 
c~nter 2 3 4 5 6 7 8 9 edge 
Difference Network 
my ACROSS LINE 10-X 
-·015 
H=O 
-·010 
my 
qb 2 
-.005 
H=20 
0 
center 2 J 4 5 6 7 8 9 edge 
Difference Network 
my ACROSS LINE 8-X 
Difference Network 
'Center 2 3 4 5 6 7 8 9 ed e 
~ H=O 
qb 2 +.005 
+.010 my ACROSS LINE 6-X 
FIG. 19 (a) BENDING MOMENTS IN PLATE S 2 'WITH VARYING H AND WITH J=20 (LOADING U) 
106 
Difference Network 
center 2 3 4 5 6 7 8 edge 
0 
+ ·005 
my 
qb2 
-+·010 
+·015 
my ACROSS LINE 5-.x 
,( 
" Difference I : Network I , 
center 2 3 I 
• 
5 6 7 edge 
0 
+·005 
+·010 
+·015 
my 
q b 2 +·020 I 
I 
, 
,I 
I' 
+.025 " ., 
f , 
+·030 
+·035 
my ACROSS LINE 4-X 
ce-~~- ;: 8 edge 
0 
+·005 
my Sc 'd Plate 
Q b 2 
1"·010 
+·015 
my ACROSS LINE 3-X 
FIG. 19 (b) BENDING MOMENTS IN PLATE S2 WITH VARYING H AND WITH J=20 (LOADING U) 
Difference Network 
cernt_e_r __ -r ____ -r2 ____ ~3~~~4~::~5==::~6~~~7~~~8~===-9 .. --~e~dge o H=20 
H=1.0 
H =.5 O-::a..----
+·005 Solid Plate H=.25-;21.-----L-~~~~~--~H=~O~~~-
+.015 
my ACROSS LINE 2-X 
Di f terence Network 
center 2 3 4 5 6 7 8 
01 i iH=20~ I~. H~1.0 .... '--__ 
H-.5 _ 
+ .005 ~ _~~~~==----~H~=.~?5~..a~ 
'- Solid Plate H=OJ 
+.015 
my ACROSS II NE o-x 
9 edge 
i 
FIG .. 19 (c) BENDING MOMENTS IN PLATE S 2 WITH VARYING H AND WITH J=20 (LOADING u) 
my 
q'b 
~ 
q'b 
my 
q'b 
-.200 
H=O 
- .150 j!""---..... --
H=.50 
H=1.0 
-.100 ~H~=3202-___ ----~~~ 
-.050 
o 
center 
- .100 H=O 
- .050 
0 
center 
center 
-.050 
0 
+.050 
- .050 r 
center 
o 
+.050 
+.100 
2 
2 
H=O 
2 
3 4 5 6 
Di f ference Networ k 
ACROSS LINE 10-X 
3 4 5 6 
Difference Network 
my ACROSS LINE a-x 
Difference Network 
3 4 5 6 
ACROSS LINE 6-X 
Difference Network 
3 4 5 6 
my ACROSS LINE 5-X 
y 
~< ( ,< ( r ( ( ( ( ( , 
PLATE 5 2 
7 B 9 edge 
7 8 9 edge 
7 8 9 edge 
7 8 9 edge 
FIG. 20 (a) BENDING MOMENTS IN PLATE S2 ~ITH VARYING H AND WITH J=O (LOADING L) 
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center 
o 
-t .010 
Solid Plate 
+·01:' 
cer'lte r 
o 
+ .OC'::> 
2 
2 
Di f ference 
4 
Network 
5 6 
my ACROSS LINE 1- X 
Difference Network 
3 4 5 6 
my ACROSS LINE o-x 
123 
7 8 9 edge 
7 8 9 edge 
FIG. 26(c) BEr-..Jlr-.~, ~JMEN"'S IN PLATE 51 WITH VARYING J AND WITH H=20 (LOADING U) 
I 
124 
my 
q'b 
my 
q'b 
-.150 
_.100 F=-__ '-~J:O 
-.050 
o 
center 
- .100 
o 
center 
2 
2 
3 4 5 6 
Difference Network 
my ACROSS LINE 10-X 
3 4 5 6 
Difference Network 
my ACROSS LINE a-x 
y 
®-1--------- -
I 
-- -® f.: tJ-~=-~~--- x 
.(, 
PLATE 51 
7 9 • edge 
7 8 9 edge 
-'0500~ C=~~·~C=~J~:~0~~;2~~=J:::2~0~::::::::~::::~~====~==~~ ____ ~ ____ ~ L SOlid, Plate£, I , , , 
center 1 2 3 4 5 6 7 9 9 edge 
Difference Network 
my ACROSS LINE 6-X 
- .Osor 
cerrJ:O SJ:20 2 
o Solid Plate';; 
+·050 
7 
D, f fererce 
3 4 
Network 
5 6 8 9 edge 
my ACROSS LINE 4-X 
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FIG. 29(b) BENDING MOMENTS IN PLATE S1 WITH VARYING J AND WITH H = 20 (LOADING L) 
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FIG.30(a) BENDING MOMENTS IN PLATE 52 WITH VARYING J AND WITH H=O (LOADING L) 
center 
o J= 
+ 005 \-::~ ....... _-
+ ·015 
center 
o 
+·005 
+·010 
+·015 
+ 025 
+030 
+·035 
center 
o 
+·005 
Solid Plate 
t-. 01 0 
+·015 
l) j fTC''' f- ~, ( .:= ~~ e : \ v 0 r K 
2 3 456 
my ACROSS LINE 5-X 
, 
I, 
Difference ,'~ 
2 3 '" 
2 
I , I 
I I I 
, I' 
, ,. ,"--J =. 25 
I, , 
If! 
,,' 
,,:--- J = 20 
,:, 
I,' 
':: ~ , 
': 
" I' 
" t 
ACROSS LINE 4-X 
:): ~ i e r'"er C e'\ eo t 'r-. 0"" k 
3 4 
my ACROSS LINE 3-X 
131 
edge 
edge 
7 edge 
FIG.30(b) BENDING MOMENTS IN PLATE S2 WITH VARYING J AND WITH H=O (LOADING U) 
1;2 
center 
o 
2 
Difference Network 
3 4 5 6 
+.005[ __ :S~O~li~d~p~l!at~e~ __ ----~72o-~:;~~ J=20 
center 
o 
2 
J=O 
ACROSS LINE 2-X 
D iff ere n c e Net W 0 r k 
3 4 5 6 
+
.00 5 t~~~!l::!!=--___ ~J~=~20~:::::::;:::::~~ Solid Plate 
J=O 
ACROSS LINE o-x 
7 
7 8 9 edge 
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FIG. 31(a) BENDING MOMENTS IN PLATE S2 WITH VARYING J AND WITH H= .25 (LOADING u) 
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FIG. 31.(b) BENDING MOMENTS I N PLATE S2 WITH VARYING J AND WITH H=.25 (LOADING U) 
center 
o 
2 
Difference Network 
3 4 5 6 
+.005L-~S~O~I~id~p~la~t~e~~ ____ -----
+·010 
+.015 
center 
o 
+.005 
+015 
2 
Solid Plate 
ACROSS LINE 2-X 
D Iff ere i" c e Net w c r ~. 
3 4 5 6 
ACROSS LINE o-x 
135 
7 8 9 edge 
7 8 9 edge 
FIG. 31 (c) BENDING MOMENTS IN PLATE S2 WITH VARYING J AND WITH H=.25 (LOADING U) 
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FIG. 79 RELATIONSHIP BETWEEN MAXIMUM DEFLECTION AND BEAM FLEXURAL STIFFNESS 
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FIG.80 ANALOGOUS BEAM SYSTEM 
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FIG.81 BENDING MOMENTS ACROSS SECTIONS IN PLATE S1 USING REDUCED NETWORKS 
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FIG. 82(a) EFFECT OF POISSON 5 RATIO ON PLATE BENDING MOMENTS FOR PLATE 51 
(H=.50_J=.25_LOADING U) 
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FIG. 82(b) EFFECT OF POISSON'S RATIO ON PLATE BENDING MOMENTS FOR PLATE 51 
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FIG. 83 (a) EFFECT OF POISSON'S RATIO ON PLATE BENDING MOMENTS FOR PLATE S2 
(H =50_J=.25 _LOADiNG U) 
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F10. 83(b) EFFECT OF FOISSON S RATIO ON PLA:E BENDING MOMENTS FOR PLATE S2 
(H = .50 _ J =.25 _ LOADING U) 
